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Application to Beams

 = displacement of a point on the beam
P = external force applied to the beam in the direction of D and expressed as 
a variable
M = internal bending moment in the beam, expressed as a function of x and 
caused by both the force P and the loads on the beam
I = moment of inertia of the beam cross section about the neutral axis
E = elastic modulus of the beam
L = length of the beam
Θ = rotation angle (or slope) of the beam at a point
M′ =  a concentrated moment applied to the beam in the direction of θ at 
the point of interest and expressed as a variable.



Use Castigliano’s second theorem to determine (a) the deflection and (b) the 
slope at end A of the cantilever beam shown. Assume that EI is constant.
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Since no external concentrated loads or concentrated moments act at A, 
dummy loads will be required for this problem. 

To determine the deflection at end A, a dummy load P acting downward will 
be applied at A. 

An expression for the internal moment M in the beam will be derived in
terms of both the actual distributed load w and the dummy load P. 
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The expression for M will then be differentiated with respect to P to obtain 
∂M/∂P. 

Next, the value P = 0 will be substituted in the expression for M, and then 
the latter will be multiplied by the partial derivative ∂M/∂P. 

Finally, the resulting expression will be integrated over the beam
length L to obtain the beam deflection at A. 
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A similar procedure will then be used to determine the beam slope at A. 

The dummy load for this calculation will be a concentrated moment M′ 
applied at A.
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(a) Calculation of Deflection: To determine the downward deflection of the 
cantilever beam, apply a dummy load P downward at A.

Draw a free-body diagram around end A of the beam. The origin of the x 
coordinate system will be placed at A. 
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From the diagram, derive the following equation for the internal bending
moment M:

Next, differentiate this expression to obtain ∂M/∂P :
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Substitute P = 0 into the bending-moment equation to obtain

Example 01



Castigliano’s second theorem applied to beam deflections is expressed by:

Now integrate this expression over the beam length L to determine the 
vertical beam deflection at A:
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Since the result is a positive value, the 
deflection occurs in the direction assumed 
for the dummy load P - that is, downward.



(b) Calculation of slope: To determine the angular rotation of the cantilever 
beam at A, a dummy concentrated moment M′ will be applied. 

Because the beam is expected to slope upward from A, the dummy moment 
will be applied counterclockwise in this instance.
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Example 02

Compute the deflection at point C for the simply supported beam shown. 
Assume that EI = 3.4 × 105 kN ⋅ m2.
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Example 02

Since the deflection is desired at C 
and no external load acts at that 
location, a dummy load P will be 
required at C. 

With dummy load P placed at C, 
the bending-moment equation will be discontinuous at points B, C, and D. 

Therefore, this beam must be considered in four segments: AB, BC, CD, and DE.

To facilitate the derivation of moment equations, it will be convenient to locate 
the origin of the x coordinate system at A for segments AB and BC, and at E for 
segments CD and DE.
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To organize the calculation, it will 
also be convenient to summarize 
the relevant equations in a tabular 
format.
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