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Dr. Hasha m ALKhald L

Kinetics of a Particle:
Force and Acceleration

s
-E CHAPTER OBJECTIVES

Video Solutions are
available for selectex
questions in this cha

To state Newton's Second Law of Motion and to define mass and
weight.

To analyze the accelerated motion of a particle using the equation
of motion with different coordinate systems.

To investigate central-force motion and apply it to problems in
space mechanics.

13.1 Newton's Second Law of Motion

Kinetics is a branch of dynamics that deals with the relationship between
the change in motion of a body and the forces that cause this change.The
basis for kinetics is Newton’s second law, which states that when an
unbalanced force acts on a particle, the particle will accelerate in the
direction of the force with a magnitude that is proportional to the force.
This law can be verified experimentally by applying a known
unbalanced force F to a particle, and then measuring the acceleration a, BT EEEEEEE
Since the force and acceleration are directly proportional, the constant of ~ ¥ b
proportionality, m, may be determined from the ratio m = F/a. This

positive scalar m is called the mass of the particle. Being constant during ~ The jeep leans backward due t
any acceleration, m provides a quantitative measure of the resistance of which resists its forward acceler
the particle to a change in its velocity, that is its inertia.
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| ExaveLs BRI e S e

The 50-kg crate shown in Fig. 13-6a rests on a horizontal surface for
which the coefficient of kinetic friction is w = 0.3. If the crate jg
subjected to a 400-N towing force as shown, determine the velocity of
the crate in 3 s starting from rest.

SOLUTION

Using the equations of motion, we can relate the crate’s acceleration
(a) to the force causing the motion. The crate’s velocity can then be
determined using kinematics.

Free-Body Diagram. The weight of the crate is W= mg =
50 kg (9.81 m/s?) = 490.5 N. As shown in Fig. 13-6b, the frictional
force has a magnitude F = N and acts to the left, since it opposes
the motion of the crate. The acceleration a is assumed to act horizontally,
in the positive x direction. There are two unknowns, namely N¢ and a.

Equations of Motion. Using the data shown on the free-body

y diagram, we have
& £ 2F, = ma; 400 cos 30° — 0.3N¢e = 50a (1)
+12F, = ma;  Ne — 490.5 + 4005sin 30° = 0 ()
. - )
Solving Eq. 2 for N, substituting the result into Eq. 1, and solving
400 N for a yields

o [— Nc = 2905 N
INZ1 30° a = 5.185m/s?

Kinematics. Notice that the acceleration is constant, since the applied

~ force P is constant. Since the initial velocity is zero, the velocity of the
< ' F=2he crate in 3 s is
L. (%) v =1y + at =0+ 51853)
‘ = 156m/s — Ans.
(b)
Fig. 13-6 "
400 N

<3 .
= b -}—»
LFAN] 508

Ne ©)
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exapLe | NS A R

A smooth 2-kg collar, shown in Fig. 13-9a, is attached to a spring
having a stiffness k = 3 N/m and an unstretched length of 0.75 m. If Flt- 0.75m-
the collar is released from rest at A, determine its acceleration and the NN

normal force of the rod on the collar at the instant y = 1 m.

SOLUTION

Free-Body Diagram. The free-body diagram of the collar when it
is located at the arbitrary position y is shown in Fig. 13-9b. Furthermore,
the collar is assumed to be accelerating so that “a” acts downward in
the positive y direction. There are four unknowns, namely, N¢, Fy, a,
and 6.

Equations of Motion.

(a)

4 2F, = ma,; —N¢ + Fycos0 =0 (1)

+{3F, = may; 19.62 — F,sin6 = 2a (2)

From Eq. 2 it is seen that the acceleration depends on the magnitude ‘ 1 . LN e
and direction of the spring force. Solution for N¢ and a is possible oY f)
once F, and 6 are known. Y NG

b
The magnitude of the spring force is a function of the stretch s of the ®)

spring; i.e., Fs = ks. Here the unstretched length is AB = 0.75 m, Fig. 13-9

Fig. 13-9a; therefore, s = CB — AB = Vy? + (0.75)* = 0.75. Since
k = 3 N/m, then

Fy=ks = 3( ¥ + (0.75) - 0.75) (3)
From Fig. 13-9a, the angle 6 is related to y by trigonometry.

sl
tan 6 = 575

Substituting y = 1 m into Egs. 3 and 4 yields F, = 1.50N and
6 = 53.1°. Substituting these results into Eqs. 1 and 2, we obtain

N¢e = 0900 N Ans.
a=921m/s* | Ans.

NOTE: This is not a case of constant acceleration, since the spring
force changes both its magnitude and direction as the collar moves
downward.
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EXAMPLE | 13.8

Design of the ski jump shown in the photo requires knowing the type
of forces that will be exerted on the skier and her approximate
trajectory. If in this case the jump can be approximated by the parabola
shown in Fig. 13-14a. determine the normal force on the 70-kg skier
the instant she arrives at the end of the jump, point A, where her
velocity 1s 20 m 's. Also, what is her acceleration at this point?

SOLUTION

Why consider using n, 1 coordinates to solve this problem?
Free-Body Diagram. Since dv/dx = x/30|,_o = 0, the slope at A
1s horizontal. The free-body diagram of the skier when she is at A is
shown in Fg. 13-14b. Since the path is curved, there are two

components of acceleration, a, and a,. Since a, can be calculated, the
unknowns are a, and N,.

Egquations of Motion.

+15F, =ma; N, — 70(981) = 70[(22)-] (1)

ZiF, = ma; 0 = 70a, @

The radius of curvature p for the path must be determined at point
A(0. —60m). Here y = £x° — 60, dy/dx = gx, d’y/dx* = 55, so
thatat x = 0.

1+ @y/d P [+ P _
T |dy/dd] =0 |30l

p 30m

Substituting this into Eq. 1 and solving for N,, we obtain

Ny =1620N Ans.
Kinematics. From Eq. 2,
a=>0
Thus,
2 (20)
a, = ‘; = 30) = 1333 m/s?
a4 = a, = 133m/s* | Ans.

NOTE: Apply the equation of motion in the y direction and show that
when the skier is in midair, her downward acceleration is 9.81 m/s?.

(a)

n

|
70(9.81) N

- q

A

Ny
(b)

Fig. 13-14
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60 (9.81) N

(b)

()
Fig. 13-15

The 60-kg skateboarder in Fig. 13-15a coasts down the f:ircular
track. If he starts from rest when § = 0°, determine the
magnitude of the normal reaction the track exerts on him when
0 = 60°. Neglect his size for the calculation.

SOLUTION

Free-Body Diagram. The free-body diagram of the skateboarder
when he is at an arbitrary position 6 is shown in Fig. 13-15b. At
6 = 60° there are three unknowns, N;, a;, and a, (or v).

Equations of Motion.

’U2
+73F, = ma,; N, - [60(9.81)N]sin6 = (60 kg)( ) (1)

4m
+N 2F, = ma, [60(9.81)N] cos 8 = (60 kg) a,
a, = 9.81 cos 0

Kinematics. Since g, is expressed in terms of 6, the equation
vdv = a,ds must be used to determine the speed of the
skateboarder when 6 = 60°. Using the geometric relation s = 6r,
where ds =rdf = (4 m)df, Fig. 13-15¢, and the initial condition
v = 0atf = 0° we have,

vdv = a,ds
v 60°
f vdv = f 9.81 cos 6(4 db)
0 0
2|v 60°
—| =39.24sin6
21 0
2
5" 0 = 39.24(sin 60° — 0)

v = 67.97 m?/s?
Substituting this result and 6 = 60° into Eq. (1), yields
N, = 1529.23N = 1.53kN Ans.
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«13-73. The 0.8-Mg car travels over the hill having the KJ y
shape of « parabola. When the car is at point &

A,itis traveling
at9ml"0di"ﬂ'ﬂﬁﬂlimpeedn3m/:‘.bc:e;ﬁncbom \@' \/"
road at this instan,

the resulant normal force and the resultant frictional force c_‘,
Negleet the size of the car. (J’s\

S

Geo-drrHcﬂ:.ﬂ- -OMZS.:md&-—O i
3 s 3 .00625. The slope angle @ at point
A is given by
dy
tand = == = —000625(80) 0 = —26.57"
Xl smim

and the radius of curvaturc at point A is
[t + @yayP? [1+ (-000625x2 2|
p= =

ly/d ETTCTR
Equation of Motion: Applying Eq. 13-8 with 8 = 26.57° and p = 223.61 m, we have
2F, = ma; . 800(9.81) sin 26.57° — F, = B0O(3)
Ey=1109.73N = L11 kN Ans.
2F, = ma,; 800(9.81) c0s26.57° — N = BIX)(—-?]—-)
223.61

N = 6T29.67N = 6.73 kN Ans.




*13-12, car travels over the hill having the
shapc of a parabola. If the driver maintains » constant
speed of 9 mfs, determine both the resultant normal force
and the resultant Irictional force that all the wheels of the
car cxcrt on the road at the instant it reaches point A,

Fnel N 7
1 W;;-’F:nol [:- 7

o LU+ dyfdsl'PR (14 (-0.006250)) %2
|d'y/dY |~0.00625|

=206l m
r—o_1

=M m

p = 223.61 m, we have

YF, = may; B0(981) sin 26.5T* ~ F; = BOX0)

Fy= 350973 N -|:u| k-]

mlﬂl)ml?,ﬁ:ﬂ' N= Nl{m)

. N =672967N -IG.TJ kﬁ_\

XF, = ma,

e ——

. X? } ___________
i 3, (\‘lr_ AT
T q4o 7
¥ J= 20 - Xz 20 - \302C (0 X
SO b
N, 2.X ~-X - 34
- Rt 1 6o {f__ff —

St

-:;_—' ™% = 8,0 W
Geometry: Here| e ~0.00625 nnd& ~0.00625 The slope angle A at point
Adsgivenby — — |___—— ..
dy ' ‘ prceheryin
w00 = o2l = ~O00625(80) |0 = -mr‘ 8o0c9.8)N
O26.-57"
and the radius of curvature at point A is

Equations of Molioa: Here, g, = 0. Applying Eq. 13-8 with 0 = 2657 and

2\(‘& 1 .
o 21 - o)

/ :

Mm
——

Ars.

= p.Q mo kL]

\—J('_

e - e e o e

]




*13-76. A toboggan and rider of total mass 90 kg travel
down along the (smooth) slope defincd by the equation
y = 0.08<%, At the instant x = 10 m, the toboggan's spced
is 5 m/s. At this point, determine the rate of increase in
speed and the normal force which the slope cxcrts on the

toboggan. Ncglect the size of the toboggan and rider for the
calculation.

d
Geometry: Hcm.;i-- 0.16x and g- 0.16. The slope angle @ at x = 10m is
given by

dy
Jlan@ = Z

=0.16(10) 8= 579"
= i0m

and the radius of curvature al x = 10mis

1+ dyaxypr (14 @16
ST T

Equations of Motion: Applying Eq. 13-8 with 8 = 57.99° and p = 41.98 m,we have

‘ =4|.98m
a~m

XF, = mag 90(9.81) sin 57.99° = 90a,
a, = 832 mfil Ans.
. st
XF,=ma;  —90(981)cos57.99° + N = ﬁ)
N =50 N Ans.

| VO3S
&:0\08)4'2‘ ] = g

g = oy = 16 = Wlie=6
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13-62. Theballhasamassof Wkgand aspeed v = 4 m/s _-—
at the instant it is at its lowest poiat, # = 0°. Detcrmine the
tension in the cord and the rate at which the ball's spoed is
decreasing at the instant # = 20°. Neglect the size of the hall. -
im
&

+N\EF,mma,;. T -30(981)cosd = 1(1:-)

FIUAF = mal  =20(981) sin 8 = X,
& = ~981sin0

@, ds = vdvSince ds = 4 di, then

-w[ﬁ-o(aa)-[u. n

981(4 'I.-l P - 2
Joos#) =) =3l

3924(cos 0 — 1) + 8 = 22 /‘l‘,

2

ALl = 20°

v = 3357 m/s

a = -336m/s’ = 336m/s’ ¢ Ans. 6
Ans.

30(98)N
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Power and Efficiency

Power. The term “power” provides a useful basis for choosing ¢,
type of motor or machine which is required to do a certain amount
work in a given time. For example, two pumps may each be ?ble to empy
a reservoir if given enough time; however, the pump having the larger
power will complete the job sooner. :

The power generated by a machine or engine that performs an amoyp,

of work dU within the time interval dt is therefore

P = 51—? (14-9)

If the work dU is expressed as dU = F - dr, then

P—dU—“F'dr—F-E
T At at dt

or

P=F-v ou-tvu.‘t (14-10)

Hence, power is a scalar, where in this formulation v represents the
velocity of the particle which is acted upon by the force F.

The basic unit of power used in the SI system is the watt (W). These
units are defined as

IW=1J/s=1N-m/s

Efficiency. The mechanical efficiency of a machine is defined as the
ratio of the output of useful power produced by the machine to the input
of power supplied to the machine. Hence,

; power output

£ (14-11)

power input




The man in Fig. 14-15a pushes on the 50-kg crate with a force of
F = 150 N. Determine the power supplied by the man when 1 = 4
The coefficient of kinetic friction between the floor and the crate i
i = 0.2, Initially the create is at rest.

£

Fig. 14-15

SOLUTION

To determine the power developed by the man, the velocity of the
150-N force must be obtained first. The free-body diagram of the crate
is shown in Fig. 14-15b. Applying the equation of motion,

+13F, = ma,; N — (2)150N - 5009.81))N =0
N =5805N

4 3F, = may (3)150N — 0.2(580.5 N) = (50 kg)a
a = 0.078 m/s?

The velocity of the crate when 1 = 4 s is therefore
(B) v=1 + at
v =0+ (0.078 m/s*)(4s) = 0.312m/s
The power supplied to the crate by the man whent = 4 sis therefore
P=F-v=Fp=(%)50N)0312m/s)

=374 W e
e




An automobile having a mass of 2 Mg travels up a 7° slope
at a constant speed of v = 100 km/h. If mechanical friction
and wind resistance are neglected, determine the power
dcvclng;d by the engine if the automobile has an efficiency
« = (.65,

SOLUTION

Egquation of Motion: The force F which is required to maintain the car’s constant
speed up the slope must be determined first.

+3F, = may; F — 2(10%(981)sin T° = 2(10°)0)
' F = 2391.08 N

_ | 100{(10°*) m (lh
Power: Here, the speed of the car is v = e LR

The power outpul can be oblained using Eq. 14-10.

) = 2778 m/s.

P = Fov = 2391.08(27.78) = 66.418(10°) W = 66.418 kW

Using Eq. 14-11, the required power input from the engine to provide the above
power outpul s

power oulput
ES

power input =

66418
- 065

~ 102KW Ans.

2(10°K9.81) N
?l




EXAMPLE | 14.8

The motor M of the hoist shown in Fig. 14-16a lifts the 35-kg crate C
so that the acceleration of point P is 1.2 m/s2. Determine the power
that must be supplied to the motor at the instant P has velocity of
0.6 m/s. Neglect the mass of the pulley and cable and take & = 0.85.

SOLUTION

In orde.r to find the power output of the motor, it is first necessary to
determine the tension in the cable since this force is developed by
the motor.

From the free-body diagram, Fig. 14-16b, we have

+| SF, =ma; -2T+35981)N = (35kg)a. (1)

The acceleration of the crate can be obtained by using kinematics to
relate it to the known acceleration of point P, Fig. 14-16a. Using the
methods of absolute dependent motion, the coordinates s¢ and sp can
be related to a constant portion of cable length / which is changing in
the vertical and horizontal directions. We have 2s- + sp = I. Taking
the second time derivative of this equation yields

ZaC = —dap (2)

Since ap = +1.2 m/s? thenac = —(1.2m/s?)/2 = —0.6 m/s>. What ”p
does the negative sign indicate? Substituting this result into Eq. 1 and
retaining the negative sign since the acceleration in both Eq. 1 and
Eq. 2 was considered positive downward, we have

lac

3508y NY 7

(b)
Fig. 14-16

2T + 35(9.81) N = (35 kg)(—0.6 m/s?)

T=1822N

The power output required to draw the cable in at a rate of 0.6 m/s is
therefore

P =T-v= (1822 N)(0.6 m/s)
= 1093 W

This power output requires that the motor provide a power input of
1
power input = ;(power output)

= (1093 W) = 129W Ans

NOTE: Since the velocity of the crate is constantly changing, the
power requirement is instantaneous.
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| 25ms in 30 3 up the Inclined road. the

-1 maximum power that must be by the e, which
| Operatos with an mm':fp.um A:ncfnnnd the

SOLUTION

(B) vemtal
25 =0+ a (30)
a, = 08333 m/s?

Fg a,

F = 361893N

= H.ma" 'Ha & maximum ng'ﬁf mpm az the motor can be dﬂmrmtmd [mm

_ ‘me, uze manm mma;t tnpul is given ﬁ?

The avn:ﬂigﬁélﬁgmf out gfﬁi; can be t‘ii?‘;lﬁf_mlmzd from

TMWQWW | Ihmdunltmi mm'

avorage power supplied by the cagine.

Kinematics: Tho constant accoleration of the car can bo delermined from

Eguations of Motlon: By rcferring 1o the free-body dilgrllﬁ of the car !mtm ﬁn

{:Tu.,,},.,ﬂ = %f-tsfn(zl) - STWMW

IFe=mae;  F— 20000981 sn 5711 = mmuﬁ:sa},ﬁ i T




*14-56.

The 10-1b collar starts from rest at A and is lifted by
applyiag a constant vertical force of F = 25 b to the cord.

If the rod is smooth, determine the power developed by the

force at the instant 8 = &0°.

SOLUTION
Work of F

Uy = 25(5 — 3.464) = 3840 Ib- M1
Ty + 32U =13

1.1 .
0 + 3840 - 10(4 - 1.732) = 5(355 v

» = 10.06 [1/s
P = F-v = 25cos 60°(10.06) = 125.76 [1 - Ib/s |

? = (0.229 hp

Ans.




~ The block has a mass of 0.8 kg and moves within the smooth
vertical slot. If it starts from rest when the attached spring is
in the unstretched position at A, determine the constant
- vertical force F which must be applied to the cord so that
the block attains a speed vg = 2.5 m/s when it reaches B;
sp = 0.15 m. Neglect the size and mass of the pulley. Hint:
The work of F can be determined by finding the difference
Al in cord lengths AC and BC and using Up = F Al.

SOLUTION
Iac = V(03) + (0.4)2 = 0.5m

Igc = V(0.4 — 0.15)* + (0.3)? = 0.3905 m
TAo+2ZUp =Ty

fo
0 + F0S5 - 0.3905)—%(100)(0.15)2 —~ (0.8)(9.81)(0.15) = 5(0.3}(2_.5)2

F=439N

Ans.




If the cord is subjected to a constant force of F = 300 N
and the 15-kg smooth collar starts from rest at A, determine

the velocity of the collar when it reaches point B. Neglect
the size of the pulley.

SOLUTION

Free-Body Diagram: The free-body diagram of the collar and cord system at an
arbitrary position is shown in Fig. a.

Principle of Work and Energy: Referring to Fig. a, only N does no work since it
always acts perpendicular to the motion. When the collar moves from position A to
position B, W displaces vertically upward a distance A = (0.3 + 0.2) m = 0.5m,

while force F displaces a distance of s= AC — BC = V0.72 + 0.4% —

/022 + 022 = 0.5234 m. Here, the work of F is positive, whereas W does
negative work.

%
Ta+t3U,s p=Tp :
0 + 300(0.5234) + [~15(981)(0.5)] = 5 (15)v
vg = 3.335m/s = 3.34m/s Ans.




The 50-Ib block rests on the rough surface for which
the cocfficient of kinetic friction is uy = 02. A force
F = (40 + 5%) 1b, where s is in ft, acts on the block in the
direction shown. If the spring is originally unstretched
(s = 0) and the block is at rest, determine the power

developed by the force the instant the block has moved
s=151.

SOLUTION o L R e T s
+1 ZF =0, Ng— (40 + 6} sin30° - 50 = 0 L | : e -—F

Ny = 70 + 0582 - b o . :

H+iU=T,

_ b 2 n 0 %2 ml(iﬂ)
0+ fu (40 + 52) cos 30 ds — 5 (20)(1.5) t),zfa (0 + 05%)ds = 5( 2 @

0 + 5293 — 22.5 — 21.1125 = (776413
v, = 346511 /s

When s = 1511,

F =40+ (15) = ﬂlﬁlh |
Pu=F-ym (42.255'.@115 1(3‘}(‘!4&‘3} |

P=126T91:b/s =02 hp |\ | || | | Ans. _




-"l‘he 1000Hb elevator is hoisted by the pulley system and

- motor M. If the motor exerts a constant force of 500 Ib on

the cable, determine the power that must be supplied to the

motor at the instant the load has been hoisted s = 15 ft
starting from rest. The motor has an efficiency of & = 0.65.

- SOLUTION
. Equation of Motion. Referring to the FBD of the elevator, Fig. ,
+13F, = ma,, 3(500) — 1000 = %a .
a=T6HN/F— ;
When S = 1571, =
+t v = g§+ Za,(S S P = = 2(16. I)(i'F]

v =121 98 fl/s

Power. Appl;ﬂgghq 14-9, the pmver oulput is =5
P = F- V= = 3(500)(21.98) = 32. 97( 10°) 1h- /s
- The pﬂ%i‘ mpul can be dc_lcrmm;é using Fq. 149




e

-

(l ‘W) g<\ APl e




.,-‘3oy (a%1) {og si"ne;,]"-. 20‘(%‘) ) @p s\"n's_':j o
= 10 (30)(380) Gso (o)
— O.lo (?o) C‘T.R() Ce$ 36 (+D

. 2
= 209 U + 409 &3’

= SOy |

-
Roo 4 wos A
——

é 2(.)2'.)4.0-3 =0 “"‘"""@

5
. :
15 Gy + 10 (-euw) =

_ 2
Is o' + 4O Up =

| 0 -5
5SS Up = 5




SOLUTION

Block A:

NIF, = ma; N, - 6ol = 0
N,=2b
Fa=0100) = 3

+ALF, ~may; Ny~ 4o XP -0
Ng=Msd b
 Fa= 01(464) = 34641
Uec tha apviam o both blocks. N, N, T, s R do no work.
T+ =1

e . Sy 1/ 40
0+ 0) + 60sin60FlAs,] — 400 XP1As, ~ JAs]- 3464|185, = E(Tﬁ)"}' + E('-ﬁ)"f'

Za, +Ex = :i’

TAxy =~ Aiy

When jas,] - E fi.iax j-f =1h
Aka, | |

2’%‘ g

Substituting and sohong, e o i AN

Hy i “ ﬁfﬂ
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+EZFy =may; N~ 60(5) {(}). N =80

_M@Mnﬂwmmmmmm W, whichactsin =

__Eghedrrm of the dnpmdmpmﬂmm W.aﬁiiis mfum&_f____

al rest rmls:-ﬂlly.t, - i}gw;ymggq 14.7, we have
Tg 52{;1 2_?2

s 3 2 GO0 &) ! IEI_; v
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Chapter 15

Kinetics of a Particle
Impulse and
Momentum

JU/ Dr. Ibrahim Abu-Alshaikh &
Dr. Hashem Alkhaldi

March, 2020



Objectives:

1.

o

To develop the principle of linear impulse and
momentum for a particle and apply it to solve
problems that involve force, velocity, and time.

. To study the conservation of linear momentum

for particles.

To analyze the mechanics of impact.

To Introduce the concept of angular impulse and
momentum.

. To solve problems involving steady fluid

streams and propulsion with variable mass.



READING QUIZ
1. The linear impulse and momentum equation Is

obtained by integrating the with respect to
time.

A) friction force equation of motion
C) Kinetic energy D) potential energy

2. Which parameter is not involved in the linear impulse
and momentum equation?

A) Velocity Displacement
C) Time D) Force



APPLICATIONS A dent in an automotive fender

e can be removed using an impulse

tool, which delivers a force over

a very short time interval. To do

so the weight Is gripped and

jerked upwards, striking the stop

ring.

How can we determine the
magnitude of the linear impulse
applied to the fender?

Could you analyze a carpenter’s
hammer striking a nail in the same
fashion? Sure!

JU Dr. Ibrahim Abu-Alshaikh



APPLICATIONS (continued)

When a stake Is struck by a
sledgehammer, a large impulse
force Is delivered to the stake and
drives it into the ground.

If we know the Initial speed of the
sledgehammer and the duration of
Impact, how can we determine the
magnitude of the impulsive force
delivered to the stake?

JU Dr. Ibrahim Abu-Alshaikh



PRINCIPLE OF LINEAR IMPULSE AND
MOMENTUM (Section 15.1)

The next method we will consider for solving particle
Kinetics problems Is obtained by integrating the equation
of motion with respect to time.

The result i1s referred to as the principle of impulse and
momentum. It can be applied to problems involving both
linear and angular motion.

This principle is useful for solving problems that involve
force, velocity, and time. It can also be used to analyze
the mechanics of impact (taken up in a later section).

JU Dr. Ibrahim Abu-Alshaikh



PRINCIPLE OF LINEAR IMPULSE AND

MOMENTUM (continued)
The principle of linear impulse and momentum is obtained
by integrating the equation of motion with respect to time.
The equation of motion can be written

>F=ma=m (dvdt)

Separating variables and integrating between the limits
v=1y at t=tand v= 1, att =1, results in

) V5
Zj Fdt = mj dv=my,-my
4y 1

This equation represents the principle of linear impulse and
momentum. It relates the particle’s final velocity (15,) and

Initial velocity (1;) and the forces acting on the particle as
a function of time.



PRINCIPLE OF LINEAR IMPULSE AND
MOMENTUM (continued)

Linear momentum: The vector mv is called the linear momentum,
denoted as L. This vector has the same direction as v. The linear
momentum vector has units of (kg-m)/s or (slug-ft)/s.

Linear impulse: The integral (IF) dt is the linear impulse,
denoted /. It is a vector quantity measuring the effect of a
force during its time interval of action. / acts in the same
direction as ~and has units of N-s or Ib-s.

i The impulse may be determined by
direct integration. Graphically, i1t can
be represented by the area under the
force versus time curve. If F IS
I 2 ‘ constant, then /= F(t,—t)).

Variable Force

== _rf F()dt

JU Dr. Ibrahim Abu-Alshaikh



PRINCIPLE OF LINEAR IMPULSE AND
MOMENTUM (continued)

The principle of linear impulse and momentum in
e vector form Is written as

momentum t,
diagram

all the impulses applied from t, to t, iIs equal to

the particle’s final momentum. o
The two momentum diagrams indicate direction
Impulse

Qi and magnitude of the particle’s initial and final
momentum, my; and mv,. The impulse diagram

®\ IS similar to a free body diagram, but includes the
- time duration of the forces acting on the particle.

g The particle’s initial momentum plus the sum of

Final
momentum
diagram



IMPULSE AND MOMENTUM: SCALAR EQUATIONS

Since the principle of linear impulse and momentum Is a
vector equation, It can be resolved |nto Its X, vy, z

component scalar equations:
mwuzIFm-mmz
4
b

m(vy), + 3 | Fydt=m(v),

b
b

mwm+szdrmwm

The scalar equations provide a convenlent means for
applying the principle of linear impulse and momentum once
the velocity and force vectors have been resolved into X, y, z
components.



PROBLEM SOLVING

Establish the X, y, z coordinate system.

Draw the particle’s free body diagram and establish the
direction of the particle’s initial and final velocities,
drawing the impulse and momentum diagrams for the
particle. Show the linear momenta and force impulse
vectors.

Resolve the force and velocity (or impulse and momentum)
vectors into their x, y, z components, and apply the
principle of linear impulse and momentum using its scalar

form.
Forces as functions of time must be integrated to obtain

Impulses. If a force Is constant, its impulse Is the product
of the force’s magnitude and time interval over which it
acts.



EXAMPLE Given: A 0.5 kg ball strikes
the rough  ground and rebounds

\‘\2, ~ 25 m/s »=1loms, withthe  velocities shown.
@ Neglect the ball’s weight during
44“;&’,{”0’ the time it Impacts the ground.

Find: The magnitude of impulsive force exerted on the ball.

Plan:

1) Draw the momentum and impulse diagrams of
the ball as it hits the surface.

2) Apply the principle of impulse and momentum to
determine the impulsive force.

JU Dr. Ibrahim Abu-Alshaikh



EXAMPLE (continued)

Solution:

1) The impulse and momentum diagrams can be drawn as:

— 4?0 |
) o

,[Fd'[ ,[/thzo

The Iimpulse caused by the ball’s weight and the normal
force /Vcan be neglected because their magnitudes are very
small as compared to the impulse from the ground.

JU Dr. Ibrahim Abu-Alshaikh



EXAMPLE (continued)

2) The principle of impulse and momentum can be applied along
the direction of motion:

t2
0.5 (25 cos 45° i — 25 sin 45° j) + [T F di
=0.5(10 cos 30°i +10sin30°j) ©

The impulsive force vector is

—

b
| :LZth:(4.509 | +11.34) N-s

Magnitude: | =V 4.5092 + 11.342 = 12.2 N-s

JU Dr. Ibrahim Abu-Alshaikh



CHECK YOUR UNDERSTANDINFG QUIZ

1. Calculate the impulse due to the force. 1on
‘ Force
curvet

A) 20 kg-m/s 10 kg m/s
C)5N-s D) 15N-s 25

2. A constant force £~is applied for 2 s to change the
particle’s velocity from v, to v,. Determine the
force ~if the particle’s mass Is 2 kg.

A) (17.3 /) N B)(-10 /+173 AN |\ p0me
(C)(20 /+17.3 )N D)( 10 /+17.3 ) Ny

60°

¢ O

JU Dr. Ibrahim Abu-Alshaikh v;=10 m/s



GROUP PROBLEM SOLVING
" Given: The 20 kg crate Is resting

N “ on the floor. The motor M
pulls on the cable with a
force of F, which has a
d magnitude that varies as
250, shown on the graph.

Find: The speed of the crate
. whent=6s.

1) Determine the force needed to begin lifting the crate, and
then the time needed for the motor to generate this

force.

2) After the crate starts moving, apply the principle of
Impulse and momentum to determine the speed of

the crateatt=6s.

N/
ZIN




GROUP PROBLEM SOLVING (continued)

Solution:

1) The crate begins moving when the cable force F exceeds
the crate weight. Solve for the force, then the time.

F = mg = (20) (9.81) = 196.2 N |

F=196.2N =50t

1=3.924s

250

3 1(s)
2) Apply the principle of impulse and momentum from the
time the crate starts lifting att, = 3.924stot, =6 s.

Note that there are two external forces (cable force and
weight) we need to consider.

A. The impulse due to cable force:
6
j F dt =[0.5(250) 5 + (250) 1] — 0.5(196.2)3.924=490.1 N-s

3.924
JU Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING (continued)

B. The impulse due to weight:
1 (- mg) dt=—196.2 (6 — 3.924) = 407.3 N:s

3.924

Now, apply the principle of impulse and momentum
t2

mv, + 2. IF dt =mv, wherev,=0
b

0 +490.1 — 407.3 = (20) v,
=> v, =4.14 m/s

JU Dr. Ibrahim Abu-Alshaikh



ATTENTION QUIZ

1. Jet engines on the 100 Mg VTOL aircraft exert a
constant vertical force of 981 kN as it hovers.
Determine the net impulse on the aircraft overt = 10 s.

A) -981 kN-s 0 kN-s e
C) 981 kN-s D) 9810 kN-s |

2. A 100 Ib cabinet is placed on a smooth
surface. If a force of a 100 Ib is applied
for 2 s, determine the net impulse on the
cabinet during this time interval.

A) Olbs 1001b'S/'
C) 2001b's — D) 300 Ib-s —

JU Dr. Ibrahim Abu-Alshaikh

F




PRINCIPLE OF LINEAR IMPULSE AND
MOMENTUM AND CONSERVATION OF
LINEAR MOMENTUM FOR SYSTEMS OF
PARTICLES

e Objectives:

" K students will be able to:

A ;1. Apply the principle of linear
Impulse and momentum to a

system of particles.

2. Understand the conditions for
conservation of momentum.

JU Dr. Ibrahim Abu-Alshaikh



1.

2.

READING QUIZ

The internal impulses acting on a system of particles
always

A) equal the external impulses. um to zero.
C) equal the impulse of weight. D) None of the above.

If an iImpulse-momentum analysis Is considered during
the very short time of interaction, as shown in the
picture, weight is a/an

A) Impulsive force.
B) explosive force.
@ non-impulsive force.
D) internal force.

JU Dr. Ibrahim Abu-Alshaikh




APPLICATIONS

As the wheels of this pitching machine
rotate, they apply frictional impulses
to the ball, thereby giving it linear
momentum In the direction of ~dt and
Fdt.

The weight impulse, W At Is very
small since the time the ball is In
contact with the wheels is very small.

Does the release velocity of the ball
depend on the mass of the ball?

JU Dr. Ibrahim Abu-Alshaikh



APPLICATIONS (continued)

This large crane-mounted hammer is
used to drive piles into the ground.

Conservation of momentum can be
used to find the velocity of the pile
just after 1mpact, assuming the
hammer does not rebound off the pile.

If the hammer rebounds, does the pile velocity change
from the case when the hammer doesn’t rebound ? Why ?

In the Impulse-momentum analysis, do we have to
consider the impulses of the weights of the hammer and
pile and the resistance force ? Why or why not ?

JU Dr. Ibrahim Abu-Alshaikh



X

PRINCIPLE OF LINEAR IMPULSE AND MOMENTUM FOR
ASYSTEM OF PARTICLES (Section 15.2)

Inertial coordinate
system

For the system of particles shown,
the internal forces f; between
particles always occur In pairs with

, equal magnitude and opposite

directions. Thus the internal
Impulses sum to zero.

The linear Impulse and momentum equation for this
system only includes the impulse of external forces.

1:2
> m(v)+ X j Fdt =3 m(v),
1:l

JU Dr. Ibrahim Abu-Alshaikh



MOTION OF THE CENTER OF MASS

For a system of particles, we can define a “fictitious”
center of mass of an aggregate particle of mass m,, where
m,, 1S the sum (2. m) of all the particles. This system of
particles then has an aggregate velocity of

VG = (Z m/V/) / mtot'

The motion of this fictitious mass 1s based on motion of the
center of mass for the system.

The position vector ' = (2. m# ) / M, describes the
motion of the center of mass.



CONSERVATION OF LINEAR MOMENTUM FOR

A SYSTEM OF PARTICLES (Section 15.3)
When the sum of external impulses acting on a
system of objects Is zero, the linear impulse-
momentum equation simplifies to

2mfv); = 2m[V),
This equation is referred to as the conservation of linear
momentum. Conservation of linear momentum is often
applied when particles collide or interact. When
particles impact, only impulsive forces cause a change
of linear momentum.
The sledgehammer applies an impulsive force to the stake. The weight
of the stake Is considered negligible, or non-impulsive, as compared to
the force of the sledgehammer. Also, provided the stake is driven into
soft ground with little resistance, the impulse of the ground acting on
the stake is considered non-impulsive.

JU Dr. Ibrahim Abu-Alshaikh



EXAMPLE | Given: M = 100 kg, v, = 20/ (m/s)

m, = 20 kg, v, =507+ 50/ (m/s)
/, vg Me= 30 kg, 15 =-30/— 50k (m/s)
y ' An explosion has broken the

mass m into 3 smaller particles,
a, b and c.

Va

Find: The  velocity of
fragment C after the
explosion.

Z

Plan: Since the internal forces of the explosion cancel out,
we can apply the conservation of linear momentum
to the SYSTEM.

JU Dr. Ibrahim Abu-Alshaikh



EXAMPLE I (continued)

Solution:
MV, =Myl + Mgl + Me 1

100(20/) = 20(50/+ 30/) + 30(-30/~504) + 50(V, / + V¢ / + V,, K)

Equating the components on the left and right side yields:
0 =1000 - 900 + 50(v,,) V. =-2m/s

CX

2000 = 1000 + 50 (V) Vg, =20 m/s
0 = -1500 + 50 (V) Ve, = 30 m/s

So .= (-2/+ 20/ + 304) m/s immediately after the
explosion.



EXAMPLE I

Find:

Plan:

Given: Two rail cars with
masses of m, = 20 Mg
and mg = 15 Mg and
velocities as shown.

The speed of the car A after collision if the cars
collide and rebound such that B moves to the right
with a speed of 2 m/s. Also find the average
Impulsive force between the cars if the collision

place in 0.5 s.
Use conservation of linear momentum to find the

velocity of the car A after collision (all internal
Impulses cancel). Then use the principle of impulse
and momentum to find the impulsive force by
looking at only one car. D i A ALk



EXAMPLE 11 (continued)

Solution: Conservation of linear momentum (x-dir):

B — Ma(Va1) + Mg(Ver) = Ma(Vaz)+ Mg(Vg,)
20,000 (3) + 15,000 (-1.5)

= (20,000) v, + 15,000 (2)
Vp, = 0.375 m/s

Impulse and momentum on car A (x-dir):
Ma (Vag)+ ] F dt = m, (Va,)
20,000 (3) - | F dt = 20,000 (0.375)
J Fdt=52,500 N-s

The average force is
J Fdt=52500N-s =F,,(0.5sec); F,,=105kN

JU Dr. Ibrahim Abu-Alshaikh



CONCEPT QUIZ

1) Over the short time span of a tennis ball hitting the racket

during a player’s serve, the ball’s weight can be
considered

non-impulsive.

B) impulsive.

C) not subject to Newton’s second law.
D) Both Aand C.

2) Adrill rod is used with a air hammer for making holes in hard rock

so explosives can be placed in them. How many impulsive forces
act on the drill rod during the drilling?

A) None B) One

@T WO D) Three



GROUP PROBLEI\/I SOLVING

Given: The free-rolling ramp
hasa weight of 120 Ib. The 80 Ib
crate slides from rest at A, 15 ft
down the ramp to B.

Assume that the ramp Is
smooth, and neglect the mass of

the  wheels.
Find: The ramp’s speed when the crate reaches 5.

Plan: Use the energy conservation equation as well as
conservation of linear momentum and the relative
velocity equation (you thought you could safely
forget 1t?) to find the velocity of the ramp.

JU Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING (continued)

Solution: Energy conservation equation:
0 + 80 (3/5) (15)
= 0.5 (80/32.2)( )% + 0.5 (120/32.2)(1,)?

». A
N

' To find the relations between g and V;, use
conservation of linear momentum:

3, 0=(120/32.2) v, — (80/32.2) Vg,
= I-=lo5v (1)
SINCe Vg = W + Vg = ~Vy I+ Vay /= Y I+ Vg, (—415 71315 ))
= Vg = ¥~ (405) vy (2)
Vay=—(3/5) Ve (3)

Eliminating v, from Egs. (2) and (3) and Substituting Eq.
(1) results in vz, =1.875 y



GROUP PROBLEM SOLVING (continued)

Then, energy conservation equation can be rewritten ;

0 + 80 (3/5) (15) = 0.5 (80/32.2)(1)2 + 0.5
(120/32.2)(v)?

0 + 80 (3/5) (15) = 0.5 (80/32.2) [(L.5 )2 +(1.875 1)?]
+0.5 (120/32.2) ()2

720 = 9.023 ()2

V.= 8.93 ft/s

JU Dr. Ibrahim Abu-Alshaikh



ATTENTION QUIZ

1. The 20 g bullet is fired horizontally at 1200 m/s into the
300 g block resting on a smooth surface. If the bullet
becomes embedded in the block, what is the velocity of
the block Immediately after impact.

A) 1125 m/s B) 80 m/s 1200 mis

C) 1200 m/s (D) 75 m/s - -_

2. The 200-g baseball has a horizontal velocity of 30 m/s when it is
struck by the bat, B, weighing 900-g, moving at 47 m/s. During the
Impact with the bat, how many impulses of importance are used to

find the final velocity of the ball? y
ball
A) Zero B) One m -—
@Two D) Three bat

—



ANGULAR MOMENTUM, MOMENT OF AFORCE
AND PRINCIPLE OF ANGULAR IMPULSE AND
MOMENTUM

ODbjectives:

& ¢ Students will be able to:

., 1. Determine the angular
: momentum of a particle and
apply the principle of
angular Impulse &
momentum.

2. Use conservation of angular
momentum to solve
problems.




READING QUIZ

1. Select the correct expression for the angular momentum
of a particle about a point.

A) rxv r><(m|/)

C) vxr D) (m V) x r

2. The sum of the moments of all external forces acting on a
particle is equal to

A) angular momentum of the particle.
B) linear momentum of the particle.

@time rate of change of angular momentum.
D) time rate of change of linear momentum.



APPLICATIONS

Planets and most satellites move in elliptical orbits. This
motion Is caused by gravitational attraction forces. Since
these forces act In pairs, the sum of the moments of the
forces acting on the system will be zero. This means that
angular momentum is conserved.

If the angular momentum is constant, does it mean the
linear momentum is also constant? Why or why not?



APPLICATIONS (continued)

The passengers on the amusement-park
ride experience conservation of angular
momentum about the axis of rotation
(the z-axis). As shown on the free
body diagram, the line of action of the
normal force, N, passes through the z-
axis and the weight’s line of action Is
parallel to 1it. Therefore, the sum of
moments of these two forces about the
Z-axlIs IS zero.

If the passenger moves away from the z-axis, will his speed
Increase or decrease? Why?



ANGULAR MOMENTUM (Section 15.5)

The angular momentum of a particle about point O is
defined as the “moment” of the particle’s linear momentum
about O.

/ J K
Hy=rxmv=|r, ry r,
A
Mo mv, mv, my,




RELATIONSHIP BETWEEN MOMENT OF A FORCE
AND ANGULAR MOMENTUM
(Section 15.6)

The resultant force acting on the particle is equal to the time
rate of change of the particle’s linear momentum. Showing
the time derivative using the familiar “dot” notation results
In the equation

SF=/[=mv

We can prove that the resultant moment acting on the
particle about point O is equal to the time rate of change of
the particle’s angular momentum about point O or

SM,=rx F= H,



PRINCIPLE OF ANGULAR IMPULSE AND

MOMENTUM (Section 15.7)
Considering the relationship between moment and time

rate of change of angular momentum

> M, = H,=dH,/dt
By integrating between the time interval t, to t,

t t

S Mydt=(Hy) = (M), or (Hy),+ 2| Mydt=(H,),

t, t,
This equation 1s referred to as the principle of angular
Impulse and momentum. The second term on the left side,
> M, dt, is called the angular impulse. In cases of 2D
motion, i1t can be applied as a scalar equation using
components about the z-axis.



CONSERVATION OF ANGULAR
MOMENTUM

When the sum of angular impulses acting on a particle or a
system of particles Is zero during the time t, to t,, the
angular momentum is conserved. Thus,

(Fo)1 = (Hb),
y An example of this condition occurs
when a particle Is subjected only to

a central force. In the figure, the
j force F i1s always directed toward

; point O. Thus, the angular impulse

% of ~ about O is always zero, and

“angular momentum of the particle
about O Is conserved.

8 s



EXAMPLE

Given: A satellite has an elliptical
orbit about earth.
Miatellite = 700 kg

M., = 5.976 x 104 kg
V, =10 km/s
ry,=15x10°m
op = 10°

Find: The speed, vg, of the satellite at its closest
distance, rg, from the center of the earth.

Plan: Apply the principles of conservation of energy and
conservation of angular momentum to the system.



EXAMPLE (continued)
Solution:

Conservation of energy: T+ V,=Tg+ Vg becomes

where G = 66.73x1012 m3/(kg-s?). Dividing through by m,and
substituting values yields:

-12 24
05(10,000)° — 887310 (5976 ~10%)
15x108

| 66.73x1072(5.976 x10%)

=05V,
s

Or 23.4x105=0.5 (vg)2 — (3.99 x 1014)/r,



EXAMPLE (continued)

Solution:
Now use Conservation of Angular Momentum.
(ramgVy) SIN @Pp =g M, Vg
(15 x 109)(10,000) sin 70° =rg vy Or
rg = (140.95 x 10%)/v,

Solving the two equations for rg and vg yields

rg =13.8 x 10°m vg = 10.2 km/s



CONCEPT QUIZ

1. If a particle moves in the X - y plane, its angular
momentum vector Is In the

A) x direction. B) y direction.
@z direction. D) x -y direction.

2. If there are no external impulses acting on a particle

A) only linear momentum Is conserved.
B) only angular momentum is conserved.
@both linear momentum and angular momentum are
conserved.
D) neither linear momentum nor angular momentum are
conserved.



GROUP PROBLEM SOLVING

Given: The four 5 Ib spheres are
W (5 T rigidly attached to the
Q crossbhar frame, which has a
negligible weight.
A moment acts on the shaft
@ as shown, M = 0.5t + 0.8
Ib-ft).

Find: The velocity of the spheres
after 4 seconds, starting from
rest.

Plan:

Apply the principle of angular impulse and
momentum about the axis of rotation (z-axis).




GROUP PROBLEM SOLVING (continued)
Solution:

Angular momentum: A, = rx myv reduces to a scalar equation.

(H,),=0 and (H,),=4x{(5/32.2) (0.6) v,} = 0.3727 v,

Angular impulse:

t
4

2 t2
M dt = [(0.5t+0.8) dt = [(0.5/2) 2+ 0.8 ] =7.2 Ib-ft-s
t

t 0

1 1

Apply the principle of angular impulse and momentum.
0+72=03727v, = Vv,=194ft/s



ATTENTION QUIZ

1. Aball is traveling on a smooth surface in a 3 ft radius circle with a
speed of 6 ft/s. If the attached cord is pulled down with a constant
speed of 2 ft/s, which of the following principles can be applied to
solve for the velocity of the ball when r = 2 ft?

Conservation of energy

B) Conservation of angular momentum
C) Conservation of linear momentum
D) Conservation of mass

&—

\H' =6 [t/s

2. If a particle moves In the z - y plane, its angular
momentum vector Is In the

X direction. B) y direction.
C) z direction. D) z -y direction.



Example

A hockey puck is traveling to the left with a velocity of
vy = 10 m/s when it is struck by a hockey stick and given a
velocity of 2 = 20 m/s as shown. Determine the magnitude
of the net impulse exerted by the hockey stick on the puck.
The puck has a mass of (0.2 kg.

SOLUTION
v1 = |[—10i} m/s

vy = (20 cos 40°1 + 20 sin 40°%} m/s
I = mAv = (0.2) {[20 cos 40° — (—10)]i + 20 sin 40°}

= (5.0642i + 2.5712j} kg-m/s

I = V(5.0642) + (2.5712)?

= 5.6795 = 5.68 kg-m/s

JU Dr. Ibrahim Abu-Alshaikh




Example

A train consists of a 50-Mg engine and three cars, each
having a mass of 30 Mg. If it takes 80 s for the train to
increase its speed uniformly to 40 km/h, starting from rest,
determine the force 7 developed at the coupling between
the engine E and the first car A. The wheels of the engine
provide a resultant frictional tractive force F which gives
the train forward motion, whereas the car wheels roll freely.
Also, determine F acting on the engine wheels. a v

SOLUTION

(vy)s = 40km/h = 11.11 m/s

XA | EXI

M1
LI

D0

Entire train;:

<i>> m(vy); + E/Fx dt = m(vy),

TOWRE O

0 + F(80) = [S0 + 3(30)](10%)(11.11)

F =19.4kN

Three cars:

<i>> m(v,); + E/Fx dt = m(vy),

0 + T(80) = 3(30)(10%)(11.11) T = 12.5kN



Example

During operation the jack hammer strikes the concrete surface
with a force which is indicated in the graph. To achieve this the
2-kg spike S is fired into the surface at 90 m/s. Determine the

speed of the spike just after rebounding.

SOLUTION

Principle of Impulse and Momentum. The impulse of the force F is equal to the

area under the F—r graph. Referring to the FBD of the spike, Fig. a

(+T) m(vy); + Z/tsz dt = m(vy);

2(=90) + % 10.4(107%) [ [1500(10°) | = 20

v =60.0m/s |

F (kN)

1500

JU Dr. Ibrahim Abu-Alshaikh
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Example

A tankcar has a mass of 20 Mg and is freely rolling to the
right with a speed of 0.75 m/s. If it strikes the barrier, —
determine the horizontal impulse needed to stop the car if
the spring in the bumper B has a stiffness (a) k—
(bumper is rigid), and (b) £ = 15 kN/m.

A

SOLUTION

a)b)  (5) my + E/th = mv,
20(10°)(0.75) - / Fdr=0

/Fdr=15kN-s Ans.

The impulse is the same for both cases. For the spring having a stiffness k = 15 kN /m,
the impulse 1s applied over a longer period of time than for k — .



Example

The 30-kg slider block is moving to the left with a speed of
5 m/s when it is acted upon by the forces F, and F,. If
these loadings vary in the manner shown on the graph,
determine the speed of the block at t = 6 s. Neglect friction
and the mass of the pulleys and cords.

SOLUTION

Principle of Impulse and Momentum. The impulses produced by F, and F,
are equal to the area under the respective F— graph. Referring to the FBD of
the block Fig. a.

(5) mu), + 3 ] "E, dx = m(vy),
~30(5) + 4{10(2) + %('10 +30)(4 — 2) + 30(6 — 4)}

+ {—M)(d) — %{1{] + 40)(6 — 4}} = 30v

v = 400m/s —

F.

40

30

20

10

B

Z

<N M oy

t(s)



Example

The 5-Mg bus B is traveling to the right at 20 m /s. Meanwhile
a 2-Mg car A 1s traveling at 15 m/s to the right. If the
vehicles crash and become entangled, determine their
common velocity just after the collision. Assume that the
vehicles are free to roll during collision.

vp=20m/s
————
B vy = 15m/s

SOLUTION

Conservation of Linear Momentum.
(1) mv, + mpvg = (m, + mpg)v
15(10%) [(20) + [2(10%) [(15) = [5(10%) + 2(10°) |
v = 1857 m/s = 18.6 m/s —



Example

A ballistic pendulum consists of a 4-kg wooden block
originally at rest, & = 0°. When a 2-g bullet strikes and
becomes embedded in it, it is observed that the block swings
upward to a maximum angle of 6 = 6°. Estimate the speed
of the bullet.

SOLUTION

Just after impact: 6% 1.25m 0 1.25m

Datum at lowest point.

T+ Vo = T5 + Vi |

%(4 + 0.002) ()3 + 0 = 0 + (4 + 0.002)(9.81)(1.25)(1 — cos 6°)

(vg)> = 0.3665m/s

For the system of bullet and block:

(£) Smv, = 2muos
0.002(vg); = (4 + 0.002)(0.3665)

(vg)1 = 733 m/s



Example

The boy jumps off the flat car at A with a velocity of
v = 4 ft/s relative to the car as shown. If he lands on the
second flat car B, determine the final speed of both cars
after the motion. Each car has a weight of 80 Ib. The boy’s
weight is 60 1b. Both cars are originally at rest. Neglect the
mass of the car’s wheels.

SOLUTION
(&)  Sm) = Zm(v,)
0+ 0= _32(_)2% - 362(.)2(1;3,)_,(

vy = 0.75(vp),

Vp = Vg T+ VUpja

12

(vp)y = 2.110 ft/s

(ks

vy = 1.58ft/s —
(&) Sm(v) = Sm(v,)

60 30 60
2 2110) = i
3, (2110) (32.2 32.2)”

v = 0.904 ft/s



Example

Blocks A and B have masses of 40 kg and 60 kg,
respectively. They are placed on a smooth surface and the
spring connected between them is stretched 2 m. If they are
released from rest, determine the speeds of both blocks the
instant the spring becomes unstretched.

k = 180 N/m

SOLUTION 4 AWML &

(i>) >myv, = 2mv,
O+O:4OVA_6OVB

L+ W=T+ %
0+ 2(180)(2)" = > (40) () + 5 (60)(vs)’

vy = 3.29 m/s S=2m

= 2.19m/s L]

Vg —

YO Vs — 6OV,




Example

Determine the angular momentum Hgp of the 3-kg particle

M

about point O.
SOLUTION

Position and Velocity Vectors.
A and B are

The coordinates of points

A2, —1.5,2) m and B(3, 3, 0).

rog = {3i +3j}m  rpos= {2i — 1.5 + 2k} m

v (;—AB) 6 (3 —2)i+ [3—(—15)]j + (02)k
— o8 =
8 4 VE-22+[[3-(—15PF+ (0 —2)?

6

27 12
= i+ i k
V2525 V25257 /2525

m/s

Angular Momentum about Point O. Applying Eq. 15
Hy = rog X mVy

k
0

i
= 3

{vs) (i) ()

= {—21.4928i + 21.4928j + 37.6124k } kg-m?/s

) Gt

= {—21.5i + 21.5j + 37.6} kg-m?/s



Example

The two blocks A and B each have a mass of 400 g. The
blocks are fixed to the horizontal rods, and their mitial
velocity along the circular pathis 2 m/s. If a couple moment
of M = (0.6) N-m is applied about CD of the frame,
determine the speed of the blocks when ¢ = 3 s. The mass
of the frame 1s negligible, and it 1s free to rotate about CD.
Neglect the size of the blocks.

SOLUTION

+2/Mdt

2[0.304)(2)] + 0.6(3) = 2[0.3(0.4)0)]

v =9.50m/s




Example

If the rod of negligible mass is subjected to a couple
moment of M = (30¢) N-m and the engine of the car
supplies a traction force of F = (15¢t) N to the wheels,
where £ is in seconds. determine the speed of the car at the
instant ¢ = 5 s. The car starts from rest. The total mass of
the car and rider is 150 kg. Neglect the size of the car.

SOLUTION

Free-Body Diagram: The free-body diagram of the system is shown in Fig. a. Since
the moment reaction Mg has no component about the z axis, the force reaction Fg
acts through the z axis, and the line of action of W and NN are parallel to the z axis,
they produce no angular impulse about the z axis.

Principle of Angular Impulse and Momentum: _—
-1

(H,). + z_/ M.dt = (H>).
L)

S5 5s M = (30t%) N-m
0+ / 3067 dr + f 156(4)dt = 150v(4)
0 0

v = 333 m/s

w=150¢4.80N




Example

The amusement park ride consists of a 200-kg car and
passenger that are traveling at 3 m/s along a circular path
having a radius of 8 m. If at r = 0, the cable OA is pulled in
toward O at 0.5 m/s, determine the speed of the car when
t = 4. Also, determine the work done to pull in the cable.

SOLUTION

Conservation of Angular Momentum. At it = 4s,
r, =8 — 0.5(4) = 6 m.

(Hy)1 = (Hy)s

rimu; = rym(vy),

8[200(3)] = 6[200(v-),]

(vp), = 4.00m/s
Here, (v,), = 0.5 m/s. Thus

v, = V(02)2 + ()2 = V4.00? + 0.5 = 4031 m/s = 4.03m/s
Principle of Work and Energy.

nh+xU0,,=17

;(200)(32) + 33U, ., = ;(200)(4.031)2

2U172 = 7251
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PLANAR RIGID BODY MOTION:
TRANSLATION & ROTATION

(= V4 Today’s Objectives :
‘ 3 : | \

Students will be able to:
Analyze the kinematics of a
« rigid body undergoing planar

-?‘

-~ B translation or rotation about

“ve

a fixed axis.

JU. Dr. Ibrahim Abu-Alshaikh



READING QUIZ

1. Ifarigid body is In translation only, the velocity at points A and
B on the rigid body

A) are usually different
are always the same

C) depend on their position
D) depend on their relative position

2. Ifarigid body is rotating with a constant angular velocity about
a fixed axis, the velocity vector at point P is

@a)x/’p B) rx @

C) dr/dt D) All of the above.




APPLICATIONS

Passengers on this amusement
ride are  subjected to
curvilinear translation since
the vehicle moves in a circular
path but they always remains
upright.

If the angular motion of the rotating arms is known, how
can we determine the velocity and acceleration experienced
by the passengers? Why would we want to know these

values?
Does each passenger feel the same acceleration?

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS

Gears, pulleys and cams, which
rotate about fixed axes, are often
used In machinery to generate
motion and transmit forces. The
angular motion of these components
must be understood to properly
design the system.

To do this design, we need to relate the angular motions of
contacting bodies that rotate about different fixed axes.
How Is this different than the analyses we did in earlier
chapters?

JU. Dr. Ibrahim Abu-Alshaikh



RIGID BODY MOTION

There are cases where an object cannot be treated as a
particle. In these cases the size or shape of the body must be
considered. Rotation of the body about its center of mass
requires a different approach.

For example, in the design of gears, cams, and links In
machinery or mechanisms, rotation of the body Is an
Important aspect in the analysis of motion.

We will now start to study rigid body motion. The analysis
will be limited to planar motion.

A body is said to undergo planar motion when all parts of
the body move along paths equidistant from a fixed plane.



PLANAR RIGID BODY MOTION

There are three types of planar rigid body motion.

— N aaace= "\__\\
\\
'-"'——" : S -s“‘\_\_—
\
Path of rectilinear translation Path of curvilinear translation

Type 1

‘ Type 3

T

P

\

Rotation about a fixed axis General plane motion



PLANAR RIGID BODY MOTION

Type 1: Translatlonal Motion
;.

/ g g iy

Path of rectilinear translation Path of curvilinear translation

Translation: Translation occurs if every line segment on the body
remains parallel to its original direction during the motion. When all
points move along straight lines, the motion is called rectilinear
translation. When the paths of motion are curved lines, the motion is
called curvilinear translation.

JU. Dr. Ibrahim Abu-Alshaikh



Type 2 : Rotation about a fixed axis

Rotation about a fixed axis: In this case, all
the particles of the body, except those on the
axis of rotation, move along circular paths in
planes perpendicular to the axis of rotation.

Type 3 : General plane motion

General plane motion: In this

case, the body undergoes both

/ translation and rotation.

=~ Translation occurs within a

®~ plane and rotation occurs about
an axis perpendicular to this
plane.

General plane motion



PLANAR RIGID BODY MOTION

An example of bodies
undergoing the three
types of motion Is
shown In this
mechanism.

Curvilinear translation
General plane motion

!
Rectilinear translation Rotation about a fixed axis

The wheel and crank undergo rotation about a fixed

axis.

The piston undergoes rectilinear translation
The connecting rod undergoes curvilinear translation,

The connecting rod undergoes general plane motion, as
It will both translate and rotate.



Type 1 : TRANSLATIONAL MOTION

The positions of two points A and B
on a translating body can be related

B

Fi/A

¢ Where r, & rg are the absolute
A Translating - .

coordinate sysem  0OSItION  vectors defined from the

fixed x-y coordinate system, and

0" Fixed Isa 1S the relative-position vector

coordinate system
between B and A.

The velocity at Bis 15 = 1+ drga/dt Now drg A /dt = 0 since rga
IS constant. So, 15 = I, and by following similar logic, ag = a,.

Note, all points in a rigid body subjected to translation move
with the same velocity and acceleration.



U\ Type 2: ROTATION ABOUT A FIXED AXIS

a L'i"f‘* When a body rotates about a fixed axis, any point P Iin

the body travels along a circular path. The angular
position of P iIs defined by 6.

j
.

o
w

] The change in angular position, dé&, Is called the
ﬁ angular displacement, with units of either radians or
revolutions. They are related by

1 revolution = (2r) radians

Angular velocity, o, Is obtained by taking the
"~ time derivative of angular displacement:

q o =dddt (rad/s) +)

Similarly, angular acceleration Is .
o = d2@dt2 = de/dt or o = o(dw/dé) +) rad/s? - A




PN\

ROTATION ABOUT A FIXED AXIS

If the angular acceleration of the body is
constant, o = o the equations for angular
velocity and acceleration can be integrated to
yield the set of algebraic equations below.

® =0yt ot
0= 6+ oyt + 0.5 ot
®* = () + 20 (0 &)

O,
| QQ g, and o, are the initial values of the body’s

7]

!

~as angular position and angular velocity. Note

these equations are very similar to the constant
acceleration relations developed for the

rectilinear motion of a particle.



VELOCITY OF POINT P

The magnitude of the velocity of P Is
equal to r (the text provides the
derivation). The velocity’s direction is
tangent to the circular path of P.

i In the vector formulation, the magnitude and
direction of vcan be determined from the cross
product of @ and r, . Here r; Is a vector from

g any point on the axis of rotation to P.

—— V:a)xrp:a)xr

'.. O80 - ;' ~ The direction of /is determined by the right-
\ \/ hand rule.



ACCELERATION OF POINT P

| The acceleration of P is expressed In
E terms of its normal (a,) and tangential
(a,) components. In scalar form, these

area, =arand a,=wr.

The tangential component, a,, represents
the time rate of change in the velocity's
magnitude. It is directed tangent to the
path of motion.

'he normal component, a,, represents
g the time rate of change in the velocity’s

direction. It 1s directed toward the
center of the circular path.



RIGID-BODY ROTATION: ACCELERATION OF POINT P

!

Using the vector formulation, the
acceleration of P can also be defined by
differentiating the velocity.

—#) a=dvdt=daldt x rp, + @ x drp/dt
Xk =axXht+ox((®xn)

It can be shown that this equation reduces
o a=ax/r—or=a+a,

The magnitude of the acceleration vector is a :\/(at)2 + (a,)?

JU. Dr. Ibrahim Abu-Alshaikh



ROTATION ABOUT A FIXED AXIS: PROCEDURE

Establish a sign convention along the axis of rotation.

If a relationship is known between any two @ = dd/dt

of the variables (o, w, 6, or t), the other = dw/dt
variat?les can be determined from the adf=mdo
equations:

If o IS constant, use the ,
equations for constant (9—6’0)=th + 0.5 a.t

angular acceleration. o =l +20 (0-6,)

To determine the motion of a point, the scalar equations v = o T,
a=ofr a=o,and a= \/(at)z + (a,)? can be used.

W=, +o1

Alternatively, the vector form of the equations can be used (with ;,
/, k components). V= @ X I’P —“— X r
a=ata,=ax r—wr



EXAMPLE

Given: The motor gives the blade an
angular acceleration o = 20 e?06
rad/s?, where t is in seconds. The
Initial conditions are that whent =0,
the blade Is at rest.

Find: The velocity and acceleration of the tip P of one of the
blades when t =3 s. How many revolutions has the blade
turned in 3 s ?

Plan: 1) Determine the angular velocity and displacement of the
blade using kinematics of angular motion.
2) The magnitudes of the velocity and acceleration of point P
can be determined from the scalar equations of motion for
a point on a rotating body. Why scalar?



EXAMPLE (continued)

Solution:
1) Since the angular acceleration is given as a function of time,
a = 20 e rad/s?, the angular velocity and displacement
can be found by integration.

o =] o dt =20 | e06t dt

20 — whent=3s,

W = e-0.6t
(-0.6) ® = -5.510 rad/s
Angular displacement
0= o dt
20 20 = whent=3s,
0= "6 1€°7d= "0z e 9=9.183 rad
= 1.46 rev.

Also , whent=3s, o =20 e06@) b= 3,306 rad/s?



EXAMPLE (continued)

2) The velocity of point P on the the fan, at a radius of 1.75 ft,
IS determined as

Vo= or = (5.510)(L.75) = 9.64 ft/s

The normal and tangential components of acceleration of point P
are calculated as

a, = (o)?r=(5.510)%(1.75) = 53.13 ft/s?
a, =ar= (3.306)(1.75) = 5.786 ft/s?

The magnitude of the acceleration of P is determined by
a, =V(a,)? + (a,)2 =V(53.13)2 + (5.786)2 = 53.4 ft/s?

JU. Dr. Ibrahim Abu-Alshaikh



CONCEPT QUIZ

y
. . . _ 2 rad/s?
1. Adisk is rotating at 4 rad/s. If it is subjected to '\ia S
a constant angular acceleration of 2 rad/s?,

determine the acceleration at B.
A) (4 /+ 32 )) ft/s? B) (4 /- 32 ) ft/s? »
@D} 4j+32))ft/s2 D) (-4 /-32 ) ft/s? B

a=or a, = o’

2. AFrisbee (Ll (~) is thrown and curves to the right. It is
experiencing

A) rectilinear translation. B) curvilinear translation.

C) pure rotation. general plane motion.

JU. Dr. Ibrahim Abu-Alshaikh



4852 GROUP PROBLEM SOLVING

ISmm _, ~——125 mm

B ==
ay = 45 rad 4@ p( 2 Given: Starting from rest when gear A

2 is given a constant angular
| acceleration, a, = 4.5 rad/s?. The
cord is wrapped around pulley D
which is rigidly attached to gear B.

Find: The velocity of cylinder C and
the distance it travels in 3 seconds.

Plan: 1) The angular acceleration of gear B (and pulley D) can be

related to ou,.
2) The acceleration of cylinder C can be determined by using

the equations for motion of a point on a rotating body since

(a,)p at point P is the same as a..
3) The velocity and distance of C can be found by using the

constant acceleration equations.



GROUP PROBLEM SOLVING (continued)
Solution:

1) Gear A and B will have the same speed and tangential
component of acceleration at the point where they mesh. Thus,

a =oplfp=0glg = (4.5)(75) = 05(225) = oag =1.5rad/s?
Since gear B and pulley D turn together, ap = ag = 1.5 rad/s?

2) Assuming the cord attached to pulley D is inextensible and

does not slip, the velocity and acceleration of cylinder C will

be the same as the velocity and tangential component of
acceleration along the pulley D:

ac = (a)p = ap Iy = (1.5)(0.125) = 0.1875 m/s? |



GROUP PROBLEM SOLVING (continued)

3) Since a, IS constant, ay and a- will be constant. The
constant acceleration equation for rectilinear motion
can be wused to determine the velocity and
displacement of cylinder C whent=3s (sy= Vv, = 0):

V.=V, +a-t=0+0.1875(3) =0.563 m/s |

S. =Syt Vyt+(0.5) a t?
=0+0+(0.5)0.1875 (3)? =0.844 m t



ATTENTION QUIZ

1. The fan blades suddenly experience an angular acceleration
of 2 rad/s?. If the blades are rotating with an initial angular
velocity of 4 rad/s, determine the speed of point P when the
blades have turned 2 revolutions
(when o = 8.14 rad/s).

(A)142fs  B) 17.7 fils

C) 23.1ft/s D) 26.7 ft/s

2. Determine the magnitude of the acceleration at P when the
blades have turned the 2 revolutions.

A) 0 fi/s? B) 3.5 fi/s?
C) 115.95 ft/s? (D))116 fi/s?



EXAMPLE

The disk is originally rotating at wg = 12rad/s. If it wy = 12 rad/s
is subjected to a constant angular acceleration of
a = 20 rad/s’, determine the magnitudes of the velocity
and the n and f components of acceleration of point B when
the disk undergoes 2 revolutions.

SOLUTION

Angular Motion. The angular velocity of the disk can be determined using
w’ = wi + 2.0 — 6); o’ = 12% + 2(20)[2(27) — 0]
w = 2543 rad/s
Motion of Point B. The magnitude of the velocity is
vg = wrg = 25.43(0.4) = 10.17m/s = 10.2 m/s Ans,
The tangential and normal components of acceleration are
(ag), = ary = 20(0.4) = 8.00 m/s* Ans.

(ap), = &*rg = (25.43%)(0.4) = 258.66 m/s> = 259 m /s Ans.



EXAMPLE

The disk 1s driven by a motor such that the angular position
of the disk is defined by § = (20¢ + 4¢%) rad, where ¢ is in
seconds. Determine the number of revolutions, the angular
velocity, and angular acceleration of the disk whent = 90 s.

SOLUTION

Angular Displacement: Att = 90 s.

1 rev
= 4 2) = X = .
6 = 20(90) 4(90 ) (34200 rad) ( S ra d) 5443 rev Ans
Angular Velocity: Applying Eq. 16-1. we have
de
w=—=20+ 8 = 740 rad/s Ans.
dt (=90 s

Angular Acceleration: Applying Eq. 16-2. we have

o = Z—(;) = 8 rad/s” Ans.



EXAMPLE

If gear A rotates with a constant angular acceleration of
a, = 90rad/s’, starting from rest, determine the time
required for gear D to attain an angular velocity of 600 rpm.
Also, find the number of revolutions of gear D to attain this
angular velocity. Gears A, B, C,and D have radii of 15 mm,
50 mm, 25 mm, and 75 mm, respectively.

SOLUTION

Gear B is in mesh with gear A. Thus,
apl'p = Qaly
r 15
ap = (i)% = (E)(%) — 27 rad/s>
Since gears C and B share the same shaft, ac = ap = 27 rad/s”. Also, gear D is in

mesh with gear C. Thus,

aplp = acle
r 25
ap = (é)ae = (%)(27) = 9 rad/s’

600 27 rad \ [ 1 mi
The final angular velocity of gear D is wp = ( mir;v)( IT rzz )( 61811:1) B

207 rad/s. Applying the constant acceleration equation,

wp = (wp)y + apt
20 =0+ 9

t=698s

wp” = (wp)y” + 2ap[fp — (p)o]

(207)* = 0% + 2(9)(6p — 0)

1
6, = (21932 rad)( 5 rre;d)
aa

= 349 rev



Type 3: RELATIVE MOTIONANALYSIS: VELOCITY

JToday’s Objectives:

Students will be able to:

1. Describe the velocity of a rigid body in terms of
transilation and rotation components.

2. Perform a relative-motion velocity analysis of a point on
the boal.




READING QUIZ

1. When a relative-motion analysis involving two sets of
coordinate axes Is used, the x’ - y’ coordinate system will

@ be attached to the selected point for analysis.
B) rotate with the boaly.
C) not be allowed to translate with respect to the fixed frame.
D) None of the above.

2. In the relative velocity equation, vy, IS
A) the relative velocity of B with respect tfo A.
B) aue to the rotational motion.
C) @ Xrgy.
@ All of the above.



APPLICATIONS

As the slider block A moves horizontally to the left with v, it
causes the link CB to rotate counterclockwise. Thus Vg IS
directed tangent to its circular path.

Which link is undergoing general plane motion? Link AB or
link BC?

How can the angular velocity, o of link AB be founad?

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS
(continued)

Planetary gear systems are used in
many  automobile  automatic
transmissions. By locking or
releasing different gears, this
system can operate the car at
different speeds.

— 40 mm

40 mm

How can we relate the angular velocities of the various gears in
the system?

JU. Dr. Ibrahim Abu-Alshaikh



RELATIVE MOTIONANALYSIS (Section 16.5)

When a boadly Is subjected to general plane motion, It undergoes a
combination of translation and rotation.

drp A y'

B

o

(/l’[;

Time ¢ Time t + dt

dr , B
General plane B

motion Translation — Rotation

Point A is called the base point in this analysis. It generally has a known
motion. The x’- y’ frame translates with the boadly, but does not rotate.
The displacement of point B can be written:

Disp. aue to translation

PicRce=

Disp. due to translation and rotation Disp. due to rotation
JU. Dr. Ibrahim Abu-Alshaikh



RELATIVE MOTION ANALYSIS: VELOCITY

Path of P
p(m\u A ’\VA UB/A = @ Tp/A / A
Y& - o
s : rg/
Y4 ” A
.. A B
\vlg\ w E— B + < =
~._ Pathof |
~ point B Rotation about the

. Translation base point A
General plane motion

The velocity at B Is given as . (drg/dt) = (dr ,/at) + (drg,/at) or
Vg=VaT Vg
Since the body Is taken as rotating about A,

Vega= g/t = @ X I'gy
Here o will only have a k component since the axis of rotation is
pervendicular to the plane of translation.



RELATIVE MOTIONANALYSIS: VELOCITY

e

D5

A

Vg = Vp*t @ X I'gy

When using the relative velocity equation, points A and B should
generally be points on the body with . Often these
points are pin connections in linkages.

For example, point A on link AB
must move along a horizontal path,
whereas point B moves on a circular

path.

The directions of v, and vg are
known since they are always tangent
to their paths of motion.



RELATIVE MOTIONANALYSIS:
ELOCITY

Vg = Va*t @ X I'gy

When a wheel rolls without slipping, point A is often selected to be
at the point of contact with the ground.

Since there Is no slipping, point A has zero velocity.

Furthermore, point B at the center of the wheel moves along a
horizontal path. Thus, vg has a known direction, e.g., parallel to the

surface. JU. Dr- Ibrahim Abu-Alshaikh



PROCEDURE FOR ANALYSIS

The relative velocity equation can be applied using either a
Cartesian vector analysis or by writing scalar x and y component
equations directly.

Scalar Analysis.

Establish the fixed x-y coordinate directions and draw a

kinematic diagram for the boady. Then establish the magnitude
and direction of the relative velocity vector Vg,

Wiite the equation vg = v, + Vg, In the kinematic diagram,

represent the vectors graphically by showing their magnituades and
directions unaerneath each term.

Wrrite the scalar equations from the x and y components of these

graphical representations of the vectors. Solve for the
unknowns.



PROCEDURE FORANALYSIS
(continued)

Vector Analysis.

Establish the fixed x - y coordinate directions and draw the

kinematic diagram of the body, showing the vectors v ,, Vg, I'g,
and a. If the magnitudes are unknown, the sense of direction may

be assumed.

Express the vectors in Cartesian vector form (CVIN) and substitute
them Into vg = vV, + @ X I'g,,. Evaluate the cross proauct and
equate respective | and J components to obtain two scalar

equations.

If the solution yields a negative answer, the sense of direction of
the vector Is opposite to that assumed.

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE 1

Given. Roller A Is moving to
the right at 3 mys.

Find.: The velocity of B at
the Instant 0 = 30°,

Plan.

1. Establish the fixed x - y directions and draw a kinematic
aiagram of the bar and rollers.

2. Express each of the velocity vectors for A and B in terms
of their 1, J, kK components and solve Vg = V,+ @ X I'g),.



Solution:

Kinematic diagram.

Express the velocity vectors in CVIN
Vg =Vat @ X I'g
-Vgf= 31 +[wk x
(-1.5¢c0s30i +1.55In 30/ )]
V= 31-12990)-0.750 1

Equating the 1 and j components gives.
0=3-075w
Vg =—1.299 w

Solving: or w =4 radss k
orvg=-5.2m/sjJ



EXAMPLE 1/

Given. Crank rotates OA
with an angular
velocity of 12 radls.

0.6m

Find.: The velocity of

B piston B and the
angular velocity of  rod
AB.

Plan: Notice that point A moves on a circular path. The
directions of v, IS tangent to its path of motion.
Draw a kinematic diagram of rod AB and use

Vg = Vag T @pp X I'g-



Solution:

Kinematic diagram of AB: .
. Since crack OA rotates with an angular

vy \ " x  Velocity of 12 raays, the velocity at A
1 will be: v, =-0.3(12) i =-3.6 i m/s

Rod AB. Write the relative-velocity
Bl equation:
Vg = Va* Wup X I'gp

Vg =-3.6 1+ w5k % (0.6c0830 1 — 0.65in30 ) )
Vgf =-3.61+05196 w5 ] +0.3wy5 1
By comparing the i, j components.

/ Vg = 05196a)A5 =

JU. Dr. Ibrahim Abu-Alshaikh



CHECK YOUR UNDERSTANDING QUIZ

1. If the disk is moving with a velocity at point
O of 15 ft/s and o =2 rad/s, determine the /\w'
velocity atA.

A) 01t/s B) 4 1t/s

C) 15 fifs 11 fi/s

V=15 ft/s

2. If the velocity at A is zero, then determine the angular
velocity, .

A) 30 rad/s B) 0 rad/s
@ 7.5 raa/s D) 15 rad/s

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING

Given: The ring gear R Is rotating
at o, = 3 radss, and the sun gear S
IS held fixed, ws= 0.

Find: The angular velocity of
the each of the planet
gears P and of shaft A.

Plan.Draw the kinematic diagram
of gears. Then, apply the
relative velocity equations
to the gears and solve for
Lunknowns.

JU. Dr. Ibrahim Abu-Alshaikh



Solution:

Kinematic diagram of gears.

8 Since the ring gear R Is rotating at

= wr = 3 radss, the velocity at point A
will be ;
Va=-3(160) 1 = -480 1 mm/s

160 mm

y
I Also note that v = 0 since the gear
— % Risheld fixed ws =0

Applying the relative velocity equation to points A and B,
Vg = Va* @p X I'gp
0=-4801+ (v, k)x(-80)) = 0=-4801+ 80 wpi

wp= 6 1aa/s

JU. Dr. Ibrahim Abu-Alshaikh



Solution:

Apply the relative velocity equation at point B and C to Gear P
In order to find the velocity at B.
Ve =Vg * @p X I'gyp

=0+ (6 k)x(40)) = - 240 i mm/s
VA‘_:A; V=0 Note that the shaft A has a circular
< motion with the radius of 120 mm.

sracs  The angular velocity of the shaft Is

160 mm S Y Wy =V./TI

[ =-240/120 = -2 radfs

—>X

The shaft A Is rotating in counter-clockwise direction !



1. Which equation could be used to find
the velocity of the center of the gear, C,
If the velocity v, Is known?

A) Vg = Vg * wgear od B/A Vg = VC * wgear T, A/LC

C) Vg = Ve * wgear *T'e D) Va=Vc * wgear *T'eum

2. If the bar’s velocity at A Is 3 m/s, what
“base” point (first term on the RHS of the
velocity equation) would be best used to
simplify finding the bar’s angular velocity
when 6 = 60°?

(A) A B) B

C) C D) No difference.




INSTANTANEOUS CENTER OF ZERO
VELOCITY

Obyectives:
Students will be able to:

1. Locate the
Instantaneous center of
zero velocity.

2. Use the instantaneous
center to determine the

velocity of any point on
a rigid body in general
plane motion.

JU. Dr. Ibrahim Abu-Alshaikh



READING QUIZ

1. If applicable, the method of instantaneous center can be

used to determine the of any point on a rigid
boaly.
@ velocity B) acceleration

C) velocity and acceleration D) force

2. The velocity of any point on a rigid body is
to the relative position vector extending from the IC to
the point.

A) always parallel always perpendicular

C) In the opposite direction D) in the same direction



APPLICATIONS

The Instantaneous center
(1C) of zero velocity for this
bicycle wheel is at the point
In contact with ground. The
velocity direction at any
point on the rim Is
perpendicular to the line
connecting the point to the

Which point on the wheel has tAg maximum velocity?

Does a larger wheel mean the bike will go faster for
the same rider effort in pedaling than a smaller

wheel?

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS (continued)

As the board slides down the wall
s B (to the left), it is subjected to
general plane motion (both
translation and rotation).

Since the directions of the velocities
of ends A and B are known, the IC
IS located as shown.

How can this result help you
analyze other situations?

What Is the direction of the velocity of the center of gravity
of the board?

JU. Dr. Ibrahim Abu-Alshaikh



For any body undergoing planar motion, there always
exiIsts a point in the plane of motion at which the velocity Is
Instantaneously zero (If it 1s rigidly connected to the body).

This point is called the instantaneous center (IC) of zero
velocity. It may or may not lie on the body!

If the location of this point can be determined, the velocity
analysis can be simplified because the body appears to
rotate about this point at that instant.



10 locate the IC, we can use the fact that the velocity of a
point on a boady Is always perpendicular to the relative
position vector from the IC to the point. Several possibilities

ex/st.

Location of IC
knowing v, and @

Centrode

First, consider the case when velocity
v, Of @ point A on the boady and the

angular velocity w of the body are
Known.

In this case, the IC iIs located along the
line drawn perpendicular to v, at A, a
aistance r,,- = Vi@ fromA.

Note that the IC lies up and to the
right of A since v, must cause a

clockwise angular velocity o about the
/IC.



[Location of IC

knowing the directions
of v, and vy

A second case Is when the
lines of action of two non-

vic =0 parallel velocities, v, and vy,
IC

are known.

First, construct line segments
from A and B perpendicular
tov,and vy The point of
Intersection of these two line
segments locates the IC of
the boady.

JU. Dr. Ibrahim Abu-Alshaikh



o /C

e
Ya/C Ya/C
P /
w/
. \ fIC : B _
d > ' ! ~
| YiC T4  \'A Oy
&/ g (I
Fa/ic s - !:1___; - '
. B \J:
A W,
Ay B
w

Location of IC
knowing v, and vy
A third case Is when the magnitude and direction of two parallel
velocities at A and B are known. Here the location of the IC Is
determined by proportional triang/es.

As a special case, note that If the body is translating only
(v, = Vvg), then the IC would be located at infinity. Then @
equals zero, as expected.

JU. Dr. Ibrahim Abu-Alshaikh



The velocity of any point on a body undergoing general plane
motion can be determined easily once the instantaneous center of
zero velocity of the body is located.

—IC Since the body seems to rotate
about the IC at any iInstant, as
shown in this  kinematic
diagram, the magnitude of
velocity of any arbitrary point Is
v = w I, where r Is the radial
distance from the IC to the
Vp|= @ Trp/ic ,00/./71‘.

Fcce

ve=wrcuc The velocity’s line of action Is
perpendicular to its associated
raaial line.




Given: A linkage
undergoing
motion as
shown.  The
velocity of the
block, vy, Is 3
mys.

Find.: The angular velocities
of links AB and BD.

Plan: , _
L ocate the instantaneous center of zero velocity of

link BD and then solve for the angular velocities.

JU. Dr. Ibrahim Abu-Alshaikh



Solution.: Since D moves to the right, it causes link AB to rotate
clockwise about point A. The instantaneous center of velocity for
BD Is located at the iIntersection of the line segments drawn
perpendicular to vg and v, Note that vy Is perpendicular to link
AB. Therefore we can see that the IC Is located along the

extension of link AB.

JU. Dr. Ibrahim Abu-Alshaikh



Using these facts,
Is =04 tan 45° =04 m
I'nyc= 0.4/c0s 45° = 0.566 m

Since the magnituae of v, Is known,
the angular velocity of link BD can
be found from v, = @wgp p)c -

Wgp = V/t o= 3/0.566 = 5.3 rad/s

Link AB Is subjected to rotation about A.

@up = Ve/lgn= (Nauc)®pp/tgn = 0.4(5.3)/0.4 = 5.3
raa/s

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE 1]

Girven: The wheel rolls on its
hub  without slipping on the
horizontal surface with
V=215

Find: The velocities of
points A and B at the
/nstant shown.,

Plan:

Locate the IC of the wheel. Then
calculate the velocities at A and B.

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE 11 (continued) Solution:

Note that the wheel rolls
without slipping. Thus the IC
/s at the contact point with the

surfrace.
The angular velocity of the wheel

can be found from
@ =V Sy =2/3 =0.667 raa/s

Or, @ =—-0.667 k (rad/s)

The velocity at A and B will be
Va=@ X aye=(—0.667 )k x (31+3))=(21—-2))In/s

Vg =@ X I'gyc=(—0.667)k x (11 J) = 7.34 1 In/s
Vo= WZ +22)=283in/s, vy = 7.34 in/s

JU. Dr. Ibrahim Abu-Alshaikh




1. When the velocities of two points on a body are equal in
magnitude and parallel but in opposite directions, the IC
Is located at

A) infinity.
B) one of the two points.
@ the midpoint of the line connecting the two points.
)) None of the above.

2. When the direction of velocities of two points on a body
are perpendicular to each other, the IC Is located at

A) infinity.

B) one of the two points.
the midpoint of the line connecting the two points.
None of the above.



Plan:

Given. The four bar linkage Is
03m_03m_ moving with e, equal
¢ to 6 rad/s CCW.

—0°
r

1 vem  Find: The velocity of

wep= 6rad/s * BTN pOi/?tEO/? link
BC and angular
velocity of link
AB.

This is an example of the second case in the lecture
notes. Since the direction of Point B’s velocity must
be perpendicular to AB, and Point C’s velocity must
be perpendicular to CD, the location of the
Instantaneous center, I, for link BC can be found.



GROUP PROBLEM SOLVING

(continued)
: , C _ .
L ink CD. Ve [ ink AB. B
0.6 m
1.2
@-p = 6 radss
D
v.=0.6(6) = 3.6 m/s A
: , A From triangle CB/
Link BC. ke IC = 0.346 m
Y | IB = 0.6/5in 60° = 0.693 m
R -~ Pec Ve = (10w

- @ =V/IC = 3.6/0.346
30° 0.6m v.=36mfs @sc=1039raas
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Vg = (I1B)wgs = 0.693(10.39) = 7.2 m/s
From link AB, v Is also equal t0 1.2 @ 5.

Therefore 7.2=12w,z => @z =061raass

Ve = (IE)wg- where distance IEX¥  0.F + 0.3462 = 0.458 m
V. =0458(10.39) =4.76 m/s @

where 0 = tarn(0.3/0.346) = 40.9°



1. The wheel shown has a radius of 15 in and rotates
clockwise at a rate of @ = 3 raad/s. Whatis' 2

A)5in/s B) 15 1n/s

C) 0 in/s (D) 45 invs

2. Point A on the rod has a velocity of 8 m/s to the right.
Where is the IC for the rod?

A) Point A.
B) Point B.

@ Point C.

D) Point D.

JU. Dr. Ibrahim Abu-Alshaikh




RELATIVE MOTIONANALYSIS: ACCELERATION

Objectives. Students will be able to:

1. Resolve the acceleration of a point on a body Into
components of translation and rotation.

2. Determine the acceleration of a point on a boay by using
a relative acceleration analysis.




1. Iftwo bodies contact one another without slipping, and the points in
contact move along different paths, the tangential components of

acceleration will be and the normal components of
acceleration will be :

A) the same, the same the same, different

C) different, the same D) different, different

2. When considering a point on a rigid boay in general plane motion,

It’s total acceleration consists of both absolute
acceleration and relative acceleration components.

B) It’s total acceleration consists of only absolute
acceleration components.

C) [It’s relative acceleration component is always normal
to the path.

D) None of the above.



APPLICATIONS

In the mechanism for a window, link
AC rotates about a fixed axis through
C, and AB undergoes general plane
motion. Since point A moves along a
curved path, It has two components of
acceleration while point B, sliding in a
stralght track, has only one.

The components of acceleration of
these points can be Inferred since their
motions are known.

How can we determine the
accelerations of the links in the
mechanism?

JU. Dr. Ibrahim Abu-Alshaikh




APPLICATIONS (continued)

In an automotive engine, the forces
aelivered to the crankshaft, and the
angular acceleration of the crankshaft,
aepend on the speed and acceleration
of the piston.

How can we rélate the
accelerations of the piston,
connection rod, and crankshaft
to each other?

JU. Dr. Ibrahim Abu-Alshaikh



The equation relating the accelerations of two points on the
boay Is determined by differentiating the velocity equation
with respect to time.

% = -+ —dVB/ A
at at

These are absolute accelerations  This term Is the acceleration

of points A and B. They are of B with respect to A and
measured from a set of fixed Includes both tangential and
X,V axes. normal components.

Theresultis — Ag=as+ (Agu)* (Agn),



RELATIVE MOTIONANALYSIS: ACCELERATION

(continueq)
Graphically: dg = * ((Apa)e * (Gpa)
Path of a,
pointA \ A
& a, = (0]

S
|

~____ Pathof
point B

Rotation about the
Translation base point A

General plane motion

The relative tangential acceleration component (g, )15 (a *I'g,,)
and perpendicular to rg,.

The relative normal acceleration component (ag,,), IS (—a¥ 'g,,)
and the direction Is always from B towards A.
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Since the relative acceleration components can be
expressed as ()= o x I'gpand (agy), = - @ I'gy, the
relative acceleration equation becomes

Note that the last term In the relative acceleration
equation Is not a cross proauct. It Is the proaduct of a
scalar (square of the magnitude of angular velocity, «¥)
and the relative position vector, rg,,.



In applying the relative acceleration equation, the two points used in the
analysis (A and B) should generally be selected as points which have a
known motion, such as pin connections with other boadies.

Path of B

In this mechanism, point B 1s known to travel along a circular path, so ag can
be expressed in terms of its normal and tangential components. Note that
point B on link BC will have the same acceleration as point B on link AB.

Point C, connecting link BC and the piston, moves along a straight-line
path. Hence, a, Is directed horizontally.

JU. Dr. Ibrahim Abu-Alshaikh



1. Establish a fixed coordlinate system.

2. Draw the kinematic diagram of the boadly.

3. Indicate on it a,, ag, w, a, and rg,. If the points A and B
move along curved paths, then their accelerations should
be indicated in terms of their tangential and normal

components, 1.e., a, = (as), + (a), and ag = (ag), *+ (ag),

4. Apply the relative acceleration equation.
Ap=as+a X Igy—F I'gy

5. If the solution yields a negative answer for an unknown
magnituade, this indicates that the sense of direction of the
vector IS opposite to that shown on the diagram.



P— Given:Point A on rod AB has an
l'fﬁx = /s acceleration of 5 m/s° and a
velocity of 6 m/s at the instant
shown.

Find.: The angular acceleration of
the rod and the acceleration at
B at this Instant.

4m

Plan:
Follow the problem solving

proceaure!

Solution. First, we need to find the angular velocity of the rod
at this instant. Locating the Instant center (IC) for
rod AB, we can determine w.
@O =Vl aye=Va/(3) =2 radss

JU. Dr. Ibrahim Abu-Alshaikh



vy =6m/s

lu,, = 5 m/s’ EXAMPLE |

(continueqd)
Since points A and B both move

along straight-line paths,

ag=ag I M/
4m

Applying the relative acceleration equation
g = Apt @ X Igy— &gy,
agl=-5J+akx(3i-4))-22(3i-4))
agl=-5/+4al+3aj— (12 1—-16))
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EXAMPLE |
(continued)

Sowith agi=-5j+4ai+3aj— (12 1—16]), we can solve.

vy =6m/s

P dg=4a—-12
0= 11+ 3x

la,, = 5m/s’ By comparing the i, j components,

Solving:
ag = -26.7 m/s
a = -367raa/s?

JU. Dr. Ibrahim Abu-Alshaikh



BODIES IN CONTACT

Consider two bodies in contact with one another without slipping,
where the points In contact move along different paths.

In this case, the tangential components of acceleration will be the
same, I. é.,
(a4); = (A4); (Which Implies ag g = as1p).

The normal components of acceleration will not be the same.
(@4), # (An:), SO Ay # Ay
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Another common type of problem encountered in dynamics involves

rolling motion without slip; e.qg., a ball, cylinder, or disk rolling

without slipping.  This situation can be analyzed using relative
velocity and acceleration equations.

; G ¢

) —
¢ FG/A
!

l‘ ~
¥ G/A
A &
TS

A (a,-\ )\' (ax\ )\

A

As the cylinder rolls, point G (center) moves along a straight line. If o
and o are known, the relative velocity and acceleration equations can
be applied to A, at the instant A Is in contact with the ground. The
point A Is the Instantaneous center of zero velocity, however it



VBIOCIY: since no stip occurs, v, = 0 when A is in contact

N\ with ground. From the kinematic diagram.

= Ve = Va T @ X I'gy
I, Vgl =0+ (-ok) x (I [)
Vo=l or Vg=aoll

A

Acceleration: Since G moves along a straight-line path, a is
« /% e horizontal. Just before A touches grounad, its
¢ s Velocity Is directed downwarad, and Just after

| contact, its velocity is directed upward. Thus,
; a.  poInt A accelerates upward as it leaves the ground.

A=Ay + O X I'gp—@lgy => dgl=a,f+(-a k) x(r])—a?(rj)

Evaluating and equating 1 and j components.
as=ar and a,=aw’r or as=ari and a,=awrj



EXAMPLE 1]

Given: The gear rolls on the

fixed rack.
A a = 6 rad /s’ _ _
w=12rad/s FInd.: The accelerations of
\ point A at this instant.

Plan:

Follow the solution proceadure!

Solution: Since the gear rolls on the fixed rack without slip, a, Is
directed to the right with a magnitude of:

ap, = ar = (6 rad/s’)(0.3 m)=1.8 m/s*



EXAMPLE 11 (continued)

So now with a, = 1.8 m/s?, we can apply the relative
acceleration equation between points O and A.

aA:aO-/-aXrA/O—(OZrA/O
a, = 1.8/ + (-6k)x(0.3]) 122 (0.3] ) S
= (3.6 —-43.2])) m/& " \= 12 rad/s

JU. Dr. Ibrahim Abu-Alshaikh



1. If a ball rolls without slipping, select the

' @
tangential and normal components of ‘7’ \
the relative acceleration of point G 5

y “
A) ari+a’rj -ari+a)2rj [ A

C) @&éri—arj D) Zero.

2. What are the tangential and normal components of the relative
acceleration of point

@ -aPri—aryf B)-ari+dérj
C) &°ri—aryf D) Zero.

JU. Dr. Ibrahim Abu-Alshaikh



B

< '_'|"|‘\3 rad/s

< -4 ) 9
4 2 rad /s°

7 1in.

!8! & 3

5 1n.

Given. The smember AB Is
rotating with @ ,5=3 raays,
a =2 raad/s: at this instant.

Find.: The velocity and

acceleration of the slider
block C.

Plan:
Follow the solution
proceaure!

Note that Point B Is rotating.
So what components of
acceleration will it be
experiencing?



GROUP PROBLEM SOLVING (continueq)

Solution:
Since Point B Is rotating, i1ts velocity and acceleration will be:

Vp, dp €

Vg = (0ag) lgn=(3) 7 =21 1In/s

L - dg, = (@ 45F Mg 0=(3F 7 = 63 In/s°
T T g = () Me = (2) 7 = 14 in/s

Y & || >3rad/s
< # 1] 2rad/s? L
‘ 84 Vg =(-211)In/s

a, =(-14i —63] ) in/s?

Sin.

JU. Dr. Ibrahim Abu-Alshaikh



Now apply the between points B and C
to find the angular velocity of link BC.
Ve = Vg * g™ I'eyp
(-0.8V-1-06V.J)=(-211)+wg-kx(-51—12))
=(-21+12 wg) I =5 wg-J

Vg ap; € o
By the 1, j components,
ag, 7in -08Vv,=-21+12 wg,
L\ s 06V, = 5w
‘*A“ [ Solving:
= 1,125 rac/s
= 9.3751In/s

. ,3 1~ -1 .1 = . .
% By & JU. Dr. Ibrahim Abu-Alshaikh



Now;, apply the eguation between points B

and C. _
ac = dg * Qe X I'eg— e lep

(-08a.1—06a.f)=(-141—-63))
+og KX (-571—12f)— (1.125F (-51 12 )

= (-14+12 o+ 6.328) i
| +(-63-505,+1519)f

By comparing the i, J components,

-06a,=-47.81-5a,

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING (continued)

Solving these two I, j component
equations

-0.6a,=-47.81 -5 ag,
Yields

OlBC = -3.0/’30’/.5’2
a.= 54.7 in/s?

JU. Dr. Ibrahim Abu-Alshaikh



1. Two bodies contact one another

without slipping. I the tangential
component of the acceleration of point
A on gear B is 100 ft/sec?, determine

the tangential component of the \
acceleration of point A’ on gear C. 100 ft/sec?

A) 50 ft/sec? 100 ft/sec?
C) 200 ft/sec? D) None of above.

2. If the tangential component of the acceleration of point A on
gear B is 100 ft/sec?, determine the angular acceleration of

ear B.
@ 50 rad/sec? B) 100 rad/sec?
) 200 raa/sec? D) None of above.
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MOMENT OF INERTIA

Objectives: Students will be able to:
1. Determine the mass moment of Inertia of a
rigid body or a system of rigid bodies.




READING QUIZ

1. Mass moment of inertia is a measure of the resistance of a
body to

A) translational motion B) deformation

@ angular acceleration D) impulsive motion

2. Mass moment of inertia is always

A) a negative quantity

a positive quantity

C) an integer value

D) zero about an axis perpendicular to the plane of motion

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS

m The large flywheel In the picture
IS connected to a large metal
cutter. The flywheel mass is used
to help provide a uniform motion
to the cutting blade.

What property of the flywheel is
most Important for this use?
How can we determine a value
for this property?

Why 1s most of the mass of the flywheel located
near the flywheel’s circumference?

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS The crank on the oil-pump
(continued) rg undergoes rotation
about a fixed axis that Is
not at Its mass center. The
crank develops a Kinetic
energy directly related to
Its mass moment of inertia.
e As the crank rotates, Its
i kinetic energy is converted
" to potential energy and
vice versa.

Is the mass moment of inertia of the crank about its axis of
rotation smaller or larger than its moment of inertia about
Its center of mass?

JU. Dr. Ibrahim Abu-Alshaikh



z MASS MOMENT OF INERTIA
T
Consider a rigid body with a center of
mass at G. It is free to rotate about the
Z axis, which passes through G. Now,
5o If we apply a torque T about the z axis

E o to the body, the body begins to rotate
with an angular acceleration of a.

T and o are related by the equation T =1 o . In this equation, | is the
mass moment of inertia (MMI) about the z axis.

The MMI of a body is a property that measures the resistance of the
body to angular acceleration. The MMI is often used when
analyzing rotational motion.

JU. Dr. Ibrahim Abu-Alshaikh



MASS MOMENT OF INERTIA (continued)

P
Consider a rigid body and the

arbitrary axis P shown in the figure.

The MMI about the P axis is defined

as | = | r2 dm, where r, the “moment

= arm,” 1s the perpendicular distance

( W\Q from the axis to the arbitrary element
| dm.

The mass moment of inertia is always a positive quantity
and has a unit of or

JU. Dr. Ibrahim Abu-Alshaikh



MASS MOMENT OF INERTIA (continued)

The figures below show the mass moment of inertia
formulations for two flat plate shapes commonly used when
working with three dimensional bodies. The shapes are
often used as the differential element being Integrated over
the entire body.

Thin Circular disk Thin plate

) o) ] ) ) > ) -
w=lo=gmr® L,=asmr® Ly=3mr L= {5 mb* L, = {ma* I.= s ma+b°)

JU. Dr. Ibrahim Abu-Alshaikh



2

Mass Moment phere |, == mR?
- 5
of Inertia
Mass rotating about point 0
L %} |O :mRZ
2 \\\\///
I :Ir dm Hollow cylinder”

- 1 2 2
Parallel-Axis Theorem =S m(R*~r")

=1, =im(3R2 —3r*+ %)
12

- \

Center of Mass

Rotation



General shape

Slender rod

Thin disk

Thin plate

]

gl



PROCEDURE FOR ANALYSIS

When using direct integration, only symmetric bodies having surfaces
generated by revolving a curve about an axis will be considered.

Shell element
If a shell element having a height z, radius r =y, and
thickness dy iIs chosen for integration, then the volume
element is dV = (2ny)(z)dy.
This element may be used to find the moment of inertia
|, since the entire element, due to its thinness, lies at the
same perpendicular distance y from the z-axis.

Disk element
If a disk element having a radius y and a thickness dz is

: chosen for integration, then the volume dV = (ny?)dz.
2 Using the moment of inertia of the disk element, we
—+_y  can integrate to determine the moment of inertia of the
y entire body.

X JU. Dr. Ibrahim Abu-Alshaikh




PARALLEL-AXIS THEOREM

If the mass moment of inertia of a body about an axis passing
through the body’s mass center iIs known, then the moment of
Inertia about any other parallel axis may be determined by using

the parallel axis theorem,

where |5 = mass moment of inertia about the body’s mass center

m = mass of the body
d = perpendicular distance between the parallel axes




RADIUS OF GYRATION AND COMPOSITE

BODIES
Radius of Gyration

The mass moment of inertia of a body about a specific axis can be
defined using the radius of gyration (k). The radius of gyration has
units of length and Is a measure of the distribution of the body’s
mass about the axis at which the moment of inertia is defined.

l=mk? or k=V(/m)

Composite Bodies

If a body Is constructed of a number of simple shapes, such as disks,
spheres, or rods, the mass moment of inertia of the body about any
axis can be determined by algebraically adding together all the mass
moments of inertia, found about the same axis, of the different
shapes.

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE Il

O 3 | Given: The pendulum consists of a slender
rod with a mass 10 kg and sphere
with a mass of 15 kg.

Find:  The pendulum’s MMI about an
axis perpendicular to the screen
and passing through point O.

450 mm

Plan:
A Follow steps similar to finding the

Mol for a composite area (as done

In statics). The pendulum’s can be
100 m divided into a slender rod (r) and
Y sphere (s)

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE Il (continued) Solution:

O@ i 1. The center of mass for rod is at point G,, 0.225
m from Point O. The center of mass for sphere is
at G, 0.55 m from point O.

— 4| 450mm 2. The MMI data for a slender rod and sphere are
| given on the inside back cover of the textbook.
Using those data and the parallel-axis theorem,
calculate the following.

lo =1+ (M) (d) *
Siaml  lor= (/12) (10)(0.45)2 +10 (0.225)2= 0.675 kg-m?
B lgs = (2/5) (15) (0.1)2 + 15 (0.55)? = 4.598 kg-m?
3. Now add the two MMIs about point O.
lo = lo + lgs = 5.27 kg-m?




CHECK YOUR UNDERSTANDING QUIZ

1. The mass moment of inertia of a rod of mass m and length L
about a transverse axis located at i1ts end IS

A) (1/12) m L2 B) (1/6) m L?
@ (1/3) m L2 D) m L2
2. The mass moment of inertia of a thin ring of ﬂ_:.]-::b
radius R about the z axis Is . I,_.-;;Zj’ f R;‘“
A) (1/2) m R? mRz
C) (1/4) m R? Dy2mRz ==

JU. Dr. Ibrahim Abu-Alshaikh



S GROUP PROBLEM SOLVING

A i 13’()
Given: The pendulum consists of a 5 kg plate
and a 3 kg slender rod.
°
2m
Find: The radius of gyration of the
'l G pendulum about an axis
perpendicular to the screen and
! . :
0.5 m passing through point G.
.
~—1m—{ Plan:

Determine the MMI of the pendulum using the method for composite

bodies. Then determine the radius of gyration using the MMI and
mass values.

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING (continued)

Solution:
1. the pendulum into a square plate (P) and a slender
rod (R).
E I ‘~°j0 2. The center of mass of the plate and rod are
2.25mand 1 m from , respectively.
R
RSN y =(Eym)/(Em)
| ={(1) 3+ (2.25)5}/(3+5) = 1.781m
—r G

0.5 m P

JU. Dr. Ibrahim Abu-Alshaikh



o GROUP PROBLEM SOLVING

i () )
i (continued)
3. The MMI data on plates and slender rods are
R given on the inside cover of the textbook.
) y Using those data and the parallel-axis
= theorem,
| ] I, = (1/12) 5 (0.5°+ 1%) + 5 (2.25-1.781)?
;A = 1.621 kg-m?
().5? m [P I, = (1/12) 3 (2)> + 3 (1.781 — 1)?
' ‘ = 2.830 kg-m?

—lm— lo = o+ Iy =1.621 +2.830 = 4.45 kg-m?

5. Total mass (m) equals 8 kg
Radius of gyration k=Vl,/m = 0.746 m

JU. Dr. Ibrahim Abu-Alshaikh



ATTENTION QUIZ

1. The mass moment of inertia of any body about its center of
mass Is always

A) maximum minimum

C) zero D) None of the above

2. If the mass of body A and B are equal but k, = 2kg, then

A) 1, =2l B) I, = (1/2)l,
(C) 1n=4lg D) I, = (1/4)l,

JU. Dr. Ibrahim Abu-Alshaikh



PLANAR KINETIC EQUATIONS OF MOTION:
TRANSLATION

Objectives:

Students will be able to:

1. Apply the three equations of motion for a rigid body In
planar motion.

2. Analyze problems involving translational motion.

Dilbrahim Abu-Alshaikh



READING QUIZ

1. When a rigid body undergoes translational motion due to
external forces, the translational equations of motion (EOM)
can be expressed for

A) the center of rotation the center of mass
C) any arbitrary point D) All of the above

2. The rotational EOM about the mass center of the rigid body

Indicates that the sum of moments due to the external loads
equals

I o B) mag
#

C) lga + mag D) None of the above.

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS

The boat and trailer undergo
rectilinear motion. In order to
find the reactions at the trailer
wheels and the acceleration of
the boat, we need to draw the
FBD and kinetic diagram for
the boat and trailer.

How many equations of motion do we need to solve this
problem? What are they?

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS (continued)

Al B= As the tractor raises

S the load, the crate will

/, undergo  curvilinear

\ L/ translation if the forks

i do not rotate.
R A
|
I« Sm—r

If the load Is raised too quickly, will the crate slide to the left or right?

How fast can we raise the load before the crate will slide?

JU. Dr. Ibrahim Abu-Alshaikh



PLANAR KINETIC EQUATIONS OF MOTION

We will limit our study of planar kinetics to rigid bodies that are
symmetric with respect to a fixed reference plane.

As discussed in Chapter 16, when a body Is subjected to general
plane motion, it undergoes a combination of translation and rotation.

First, a coordinate system with ,‘\ 1 o

Its origin at an arbitrary point P M,

is established. \
G "

The x-y axes should not rotate Q«: l

and can either be fixed or | |

translate with constant velocity.

JU. Dr. Ibrahim Abu-Alshaikh



EQUATIONS OF TRANSLATIONAL MOTION

- If a body undergoes translational motion, the equation of motion is
2F =mag. This can also be written in scalar form as

X F,=m(ag), and
2 F,=m(ag)y

* In words: the sum of all the
external forces acting on the
body is equal to the body’s mass
times the acceleration of it’s mass
center.

JU. Dr. Ibrahim Abu-Alshaikh



EQUATIONS OF ROTATIONAL MOTION

We need to determine the effects caused by the moments of an
external force system.
The moment about point P can be written as:

(rhixF)+XM;, = rxmag + lza
= M,y =Z(My),
where r=Xi+Yyjand £ M, is the resultant moment about P due to

all the external forces.
The term X(M,), Is called the kinetic moment about point P.

4\.
m(ag),

‘\Ml
— X
- I <
G . \ o4
M, 1 G 1/ mag)
W y

P X P ' X

F,
f[-’i Free-body diugrum\

Kinetic diagram



EQUATIONS OF ROTATIONAL MOTION

If point P coincides with the mass center G, this equation reduces to the
scalar equation of XM5=l5a .

In words: the resultant (summation) moment about the mass center
due to all the external forces is equal to the moment of inertia about G

times the angular acceleration of the body.

Thus, three independent scalar equations of motion may be used to
describe the general planar motion of a rigid body. These equations

are.

2 :x = m(aG)x

2 F, = m(ag),

and X Mg = lga or XM, = X (M),




EQUATIONS OF MOTION: TRANSLATION

When a rigid body undergoes only translation, all the particles of the
body have the same acceleration so ag=a and a. = 0. The
equations of motion become:

2 |:x = m(aG)x
2 F, = m(ag), =
>Mg =0

Note that, if it makes the problem easier, the moment equation can

be applied about another point instead of the mass center. For
example, if point A is chosen,

My=(mag)d.



EQUATIONS OF MOTION: TRANSLATION

, When a rigid body is subjected to

Coion CUrvilinear translation, it is best to use
an n-t coordinate system.

& Then apply the equations of motion, as

written below, for n-t coordinates.

2 :n = m(aG)n

2 F = m(ag),
2Ms;=0 or
2 Mg = e[m(ag)] — h[m(ag),]
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PROCEDURE FOR ANALYSIS

Problems involving kinetics of a rigid body in only translation
should be solved using the following procedure:

Establish an (x-y) or (n-t) inertial coordinate system and specify
the sense and direction of acceleration of the mass center, a.

Draw a FBD and kinetic diagram showing all external forces,
couples and the inertia forces and couples.

Identify the unknowns.

Apply the three equations of motion (one set or the other):
2Fo=mag), TR, =m@g)y |ZF,=m@g), ZF = m@g),
EMg=0 or ZMp=2ZM)p|ZM5=0 or ZMp = Z(M)p

Remember, friction forces always act on the body the
motion of the bodly.

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE

« 1m

Given:A 50 kg crate rests
on a horizontal

P =600 N>:: e ‘ surface for which
T the kinetic friction
| m coefficient pu, = 0.2.
0.8 m _ .
& L Find: The acceleration of
l s .12 the crate if P = 600 N.

Plan: Follow the procedure for analysis.

Note that the load P can cause the crate either to slide or to tip
over. Let’s assume that the crate slides. We will check this

assumption later.
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EXAMPLE (continued) solution:

y :
The coordinate system and

4905 N a;  FBD are as shown. The weight
¥ x of (50)(9.81) N is applied at the

center of mass and the normal
force N, acts at O. Point O is

0 A some distance Xx from the
T F=0.2Nc crate’s center line. The
X unknowns are N, X, and a .

P=600N
0.3 m

:0.5 m=

Applying the equations of motion:

2 F,=m(ag),: 600 —-0.2 N, =50 ag N. =490 N

2 F,=m(ag),: N, -490.5=0 X =0.467m

2~ Mg =0:-600(0.3) + N.(x) — 0.2 N,(0.5) =0 ag = 10.0 m/s?



EXAMPLE (continued)

P=600N

(-
P

[
: 2

O.5¢ m ::7//

N¢

#0.5 m=

ZZA

: 9
‘TF =02 N,
X

Since , the crate slides as originally assumed.

If X was greater than 0.5 m, the problem would have to be reworked

with the assumption that tipping occurred.

JU. Dr. Ibrahim Abu-Alshaikh



CONCEPT QUIZ

1. A2 Ibdisk is attached to a uniform 6 Ib
rod AB with a frictionless collar at B.
If the disk rolls without slipping, select
the correct FBD.

JU. Dr. Ibrahim Abu-Alshaikh



CONCEPT QUIZ

2. A2 Ilbdisk is attached to a uniform 6 Ib
rod AB with a frictionless collar at B.

If the disk rolls with slipping, select the
correct FBD.

B) N
8 Ib
— F,
N

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING

P
/ 6()0
7
0.5m
G o i
& | 0.2m

Y & '
A B\&
|

(03 m-—=0.2m=- 0.4 m -

Given: The handcart has
amass of 200 kg and
centerofmassat G. A
force of P=50 N Is
applied to the
handle. Neglect the
mass of the wheels.

Find: The normal reactions at each of the two wheels at A and B.

Plan: Follow the procedure for analysis.

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING (continued)

Solution: The cart will move along a rectilinear path.
Draw FBD and kinetic diagram.

1962 N ,SON

0.5m

03m-—=02m 04m -

N, Ngp
Applying the equations of motion:

<—+2 F, = m(ag),
50 cos 60° = 200 a, HEp



GROUP PROBLEM SOLVING (continued)
Applying the equations of motion:

1962 N JSON
,«v . - T S
2 . 0.5m — G¢ }11 aG
l 02m I ‘ 0.2m
A% ,,? : ‘ : RE) If@ '
03m-—==02m 04m —‘
N, Ng

+12F, = 0 = Nj+Ng—1962 -50sin 60° = 0

Mg = 0
— -(0.3)N,+(0.2)Ng+0.3(50 cos 60°) — 0.6(50 sin 60°) = 0

Using Egs. (1) and (2), solve for the reactions, N, and Ng

JU. Dr. Ibrahim Abu-Alshaikh



ATTENTION QUIZ

1. As the linkage rotates, box A
undergoes

A) general plane motion

B) pure rotation o = 2 rad/s

C) linear translation
@ curvilinear translation

2. The number of independent scalar equations of motion that
can be applied to box A is?

A) One B) Two
@ Three D) Four

JU. Dr. Ibrahim Abu-Alshaikh



EQUATIONS OF MOTION:
ROTATION ABOUT A FIXED AXIS

Objectives:

Students will be able to:

1. Analyze the planar
Kinetics of a rigid body

undergoing rotational
motion.

JU. Dr. Ibrahim Abu-Alshaikh



READING QUIZ

1. In rotational motion, the normal component of acceleration
at the body’s center of gravity (G) is always

A) zero

B) tangent to the path of motion of G

@ directed from G toward the center of rotation
D) directed from the center of rotation toward G

2. If arigid body rotates about point O, the sum of the
moments of the external forces acting on the body about

point O equals?

A) lso oot
C) mag D) m a,
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APPLICATIONS

The crank on the oil-pump rig undergoes
rotation about a fixed axis, caused by the
driving torque, M, from a motor.

s AS the crank turns, a dynamic reaction is
| produced at the pin. This reaction is a
function of angular velocity, angular
acceleration, and the orientation of the
crank.

Pin at the center of If the motor exerts a constant torque M

rotation. on the crank, does the crank turn at a
constant angular velocity? Is this
desirable for such a machine?
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APPLICATIONS (continued)

The pendulum of the Charpy
Impact machine is released from
rest when 8 = 0°. Its angular
velocity (») begins to increase.

Can we determine the angular
velocity when it Is in vertical
position ?

On which property (P) of the

pendulum does the angular
acceleration (o) depend ?

What is the relationship
between P and o.?
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EQUATIONS  OF MOTION: ROTATION
ABOUT AFIXED AXIS

) When a rigid body rotates about a fixed axis
l‘ perpendicular to the plane of the body at
point O, the body’s center of gravity G moves
In a circular path of radius rg. Thus, the
acceleration of point G can be represented by

a tangential component (ag); = Iz o and a
normal component (ag), = l'g ®°.

Since the body experiences an angular acceleration, its inertia
creates a moment of magnitude, 1,o., equal to the moment of the
external forces about point G. Thus, the scalar equations of
motion can be stated as: )
>F.=m(ag),=mr;o
>F.=m(ag),=mr;a

2 Mg=lza



EQUATIONS OF MOTION (continued)

Note that the 2.Mg; moment equation may be replaced by a moment
summation about any arbitrary point. Summing the moment about

the center of rotation O yields
2Mo = lga +1gm (ag) ¢ = [Ig + m(rg)’] a

From the parallel axis theorem, 15 =I5 + m(rg)?, therefore the term in
parentheses represents |.

Consequently, we can write the three
equations of motion for the body as:

>F,=m(ag), =M rg
2F =m(ag),=mrga
My =150




PROCEDURE FOR ANALYSIS

Problems involving the kinetics of a rigid body rotating about
a fixed axis can be solved using the following process.

Establish an inertial coordinate system and specify the sign and
direction of (ag),, and (ag):.

Draw a free body diagram accounting for all external forces
and couples. Show the resulting inertia forces and couple
(typically on a separate kinetic diagram).

Compute the mass moment of inertia I or I.

Write the three equations of motion and identify the
unknowns. Solve for the unknowns.

Use kinematics if there are more than three unknowns (since
the equations of motion allow for only three unknowns).
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EXAMPLE
Given: The uniform slender rod has

? a mass of 15 kg.

] Find: The reactions at the pin O
and  the angular acceleration of

the rod just after the cord is cut.

\| /

plan:  olnce the mass center, G, moves in a circle of radius
0.15 m, it’s acceleration has a normal component toward O

and a tangential component acting downward and
perpendicular to rg.

Apply the problem solving procedure.



EXAMPLE (continued)

Solution:
FBD & Kinetic Diagram

ma,=m(rg o)

Equations of motion:
+ > F, = ma, = mrgo? =

+ 2 F = ma, = mrga =

+>Mg=lga+mrsa (rg) = (0.15) 15(9.81)= I a + m(rg)? a

Using I = (mlI?)/12 and rg = (0.15), we can write:
g o+ m(rg)? o = [(15%0.92)/12 + 15(0.15)?] a. = 1.35 a



EXAMPLE (continued)

mag=m(r o)

After substituting:
22.07=1350 = o= 164 rad/s’

From Eq (1) :
-0, +15(9.81) = 15(0.15)a
= 0, =15(9.81) —15(0.15)16.4 =110 N

JU. Dr. Ibrahim Abu-Alshaikh



CONCEPT QUIZ

1. If arigid bar of length | (above) is released 1
from rest in the horizontal position (6= 0),
the magnitude of its angular acceleration is

at maximum when
A) 0=0 B) 6= 90°
C) 6=180° (D) 0=0°and 180°

2. In the above problem, when 8= 90°, the horizontal
component of the reaction at pin O is

@ Zero B) mg
C) m (I/2) ®? D) None of the above

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING

Given: Wgynere = 30 1D,
W, =101Ib

Find: The reaction at the pin O
just after the cord AB is cut.

Plan:

Draw the free body diagram and kinetic diagram of the
rod and sphere as one unit.

Then apply the equations of motion.



GROUP PROBLEM SOLVING
(continued)

Solution:
FBD and Kinetic diagram,;

msphere(B) (0)2

30 Ib 101b

(IG)roda

/ mrod(l-o)(o)2

(I G)spherea

msphere(sa)

Equations of motion:
>F.,=m(ag),: O, =(30/32.2)(3)(0)? + (10/32.2)(1.0)(0)?

—

JU. Dr. Ibrahim Abu-Alshaikh



GROUP PROBLEM SOLVING
(continued)

msphere(3) (0)2

30lb  101b 00 (I6)roqct
a
G/sphere mrod(l'o)(o)2
O, .
O
’ msphere(3a) Mioq(1.001)

2F =m(ag);: - O, + 30 + 10 = (30/32.2) (3ar) + (10/32.2) (1.0cx)
—
2Mg = 1o
30(3.0) + 10(1.0) = [ 0.4 (30/32.2) (1) + (30/32.2) (3)* Isphere
+[ (1/12) (10/32.2) (2)?+ (10/32.2) (1)?],oq O
—

Therefore,



(a) 04 (b)

A .’0
T ’
pat AON

1. Adrum of mass m is set into motion in two ways: (a) by a
constant 40 N force, and, (b) by a block of weight 40 N. If o,

and oy, represent the angular acceleration of the drum in each
case, select the true statement.

O(‘a>0(‘b B)aa<ab

C) a,=a D) None of the above
a b

2. In case (b) above, what is the tension T in the cable?

A) T=40N B)T<40N
C) T>40N D) None of the above



EQUATIONS OF MOTION: GENERAL PLANE
MOTION

ODbjectives:

Students will be able to:

1. Analyze the planar
Kinetics of a rigid
body undergoing
general plane
motion.

JU. Dr. Ibrahim Abu-Alshaikh



READING QUIZ

1. If adisk rolls on a rough surface without slipping, the
acceleration af the center of gravity (G) will and
the friction force will be

A) not be equal to o r; less than p,N
B) be equal to a r; equal to N
@ be equal to a r; less than p N
D) None of the above
2. If arigid body experiences general plane motion, the sum of

the moments of external forces acting on the body about any
point P is equal to

(A) 1ho B) I, o + Ma,
C) mag D) lga + rgp X ma,




APPLICATIONS

As the soil compactor accelerates
forward, the front roller experiences

general plane motion (both translation
and rotation).

What are the loads experienced by
the roller shaft or bearings?

o The forces shown on the

4. N roller’s FBD cause the
accelerations shown on the
Kinetic diagram.

Is the point A the IC?

JU. Dr. Ibrahim Abu-Alshaikh



200 N

APPLICATIONS
(continued)

200 mm

The lawn roller is pushed forward with a force of 200 N when the
handle is at 45°.

How can we determine its translation acceleration and angular
acceleration?

Does the acceleration depend on the coefficient’s of static and Kinetic
friction?

JU. Dr. Ibrahim Abu-Alshaikh



APPLICATIONS During an impact, the center of
(continued) gravity of this crash dummy
will decelerate with the vehicle,
but also experience another
acceleration due to Its rotation
about point A. Why?

50 ft/s

How can engineers use this information to determine the
forces exerted by the seat belt on a passenger during a
crash?



EQUATIONS OF MOTION: GENERAL PLANE
MOTION (Section 17.5)

When a rigid body is subjected to external
forces and couple-moments, it can undergo
both translational motion and rotational
motion. This combination is called general
plane motion.

Using an x-y inertial coordinate system,
the equations of motions about the
center of mass, G, may be written as:

Z I:x = m (aG)x
> F,=m (aG)y
2 M;=l;a



Sometimes, it may be convenient to write the

./

/" . Mmoment equation about a point P other than G.
v\ ¢ |  Then the equations of motion are written as
(A 1/4\ follows:
‘. X F = (a);
> F,=m (aG)y
2. Mp =2 (My)p

In this case, 2. (M, )p represents the sum of the
moments of l;a and mag about point P.




When analyzing the rolling motion of wheels, cylinders, or disks, it
may not be known if the body rolls without slipping or if it slides as
it rolls.

For example, consider a disk with mass m
P and radius r, subjected to a known force P.

The equations of motion will be:

2 F,=m(ag), == P-F=mag

v F S sm@g), => N-mg=0
cl oF 2Mg=lga => Fr = lga

¥ : There are
In these three equations.



o
l p Hence, we have to make an assumption
& e to provide another equation. Then, we
[ can solve for the unknowns.
:
| The 4™ equation can be obtained from
N the slip or non-slip condition of the disk.
Case 1:
Assume no slipping and use as the 4™ equation and DO NOT

use F; = uN. After solving, you will need to verify that the
assumption was correct by checking if F; < uN.

Case 2:
Assume slipping and use F; = u, N as the 4™ equation. In this case, ag

# Ol



Problems involving the kinetics of a rigid body undergoing
general plane motion can be solved using the following
procedure.

Establish the x-y inertial coordinate system. Draw both
the free body diagram and kinetic diagram for the body.

Specify the direction and sense of the acceleration of the
mass center, ag, and the angular acceleration o of the body.
If necessary, compute the body’s mass moment of inertia | .

If the moment equation XM= Z(M,), Is used, use the
Kinetic diagram to help visualize the moments developed
by the components m(ag),, m(ag),, and lsa.

Apply the three equations of motion.



Identify the unknowns. If necessary (i.e., there are four
unknowns), make your slip-no slip assumption (typically
no slipping, or the use of a; = a r, Is assumed first).

Use kinematic equations as necessary to complete the
solution.
If a slip-no slip assumption was made, check its validity!!!

Key points to consider:

1.Be consistent in using the assumed directions.
The direction of ag must be consistent with a.

2.1 F = N Is used, F; must oppose the motion. As a test,
assume no friction and observe the resulting motion.
This may help visualize the correct direction of F..



Given: A spool has a mass of 200 kg and a radius of gyration (k)
of 0.3 m. The coefficient of kinetic friction between the
spool and the ground is u, = 0.1.

Find: The angular acceleration (o) of the spool and the tension
In the cable.

Plan: Focus on the spool. Follow the solution procedure (draw
a FBD, etc.) and identify the unknowns.



EXAMPLE (continued)
Solution:

The free body diagram and kinetic diagram for the body are:

0.4 m

Equations of motion:

—

JU. Dr. Ibrahim Abu-Alshaikh



EXAMPLE
(continued)

0.4 m

Note that a. = (0.4) .. Why ?

SF,=m(ag),: T-0.1Ng=200ag =200 (0.4)
= T-196.2=80«

SMg=lga: 450 T(0.4)—0.1Ng (0.6) =20 (0.30 a
= 450 — T(0.4) — 196.2 (0.6) = 1.8 o

Solving these two equations, we get
o=7.50rad/s?, T=797 N



CONCEPT QUIZ

1. An 80 kg spool (ks =0.3m) isona o
rough surface and a cable exertsa 30 N 2 30N
load to the right. The friction force at A
acts to the and the a;

should be directed to the 2.0

A) right, left  B) left, right
C) right, right D) left, left

2. For the situation above, the moment equation about G is?
() 0.75 (Fy) - 0.2(30) = - (80)(0.32)ax
B) -0.2(30) = - (80)(0.3%)a
C) 0.75 (Fsp) - 0.2(30) = - (80)(0.3%)a. + 80ag
D) None of the above

JU. Dr. Ibrahim Abu-Alshaikh



00N Given: A 80 kg lawn roller has a

radius of gyration of
c=0.175m. Itis pushed

forward with a force of 200 N.

Find: The angular acceleration if
u,=0.12 and p, = 0.1.

7 ey —
~ 45°
200 mm

Plan: Follow the problem solving
procedure.

Solution:
The moment of inertia of the roller about G Is

I = m(Kg)2 = (80)(0.175)2 = 2.45 kg-m?

JU. Dr. Ibrahim Abu-Alshaikh



— Equations of motion:

Z I:x = m(aG)x
Fa— 200 cos 45 =80 a;

2. F, =m(ag),
N,—784.8—-200sin45=0

2 Mg =l5a
—0.2F,=2450

We have 4 unknowns: N,, Fa, a5 and a.

Another equation is needed to allow solving for the
unknowns.

JU. Dr. Ibrahim Abu-Alshaikh



80(9.81)N The three equations we have now are:
e F, — 200 cos 45° = 80 ag

N, —784.8 — 200 sin 45° =0

—0.2F,=245q

First, assume the wheel is not slipping.
Thus, we can write
ac = ra=02a

Now solving the four equations yields:

The no-slip assumption must be checked.
ISFA,=614N<uN,=111.1N?
Yes, therefore, the wheel rolls without slip.

JU. Dr. Ibrahim Abu-Alshaikh



1. Aslender 100 kg beam is suspended by a
cable. The moment equation about point A is? ‘A

A) 3(10) = 1/12(100)(4?) a
B) 3(10) = 1/3(100)(4?) o 3m 4m
€)) 3(10) = 1/12(100)(4?) ot + (100 a,)(2)
D) None of the above

10 N

2. Select the equation that best represents the “no-slip”
assumption.

A) Fr=psN B) Fr =N
@ ag = ra D) None of the above

JU. Dr. Ibrahim Abu-Alshaikh
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#1724,

The door has a weight of 200 Ib and a center of gravity at G.
Determine how far the door moves in 2 s, starting from rest,
if a man pushes on it at C with a horizontal force F = 30 Ib.
Also, find the vertical reactions at the rollers A and B.

12 fit
SOLUTION "!——)
; 200
5 2F, = mlag),; 30 = (32—2).:?(; |
ag = 4.83 fi /s
. ) 200
CHFEM, = S(My.;  N(12) = 20006) + 30(9) = (5 5)(4.83)(7)
Ny =9501b e
Yy
+TZF, = mlag),: Ny +950—-200=0 ooit
Na=1051b Ans.
1 2
(i’) 5=Sn+i]]!+*2'ﬂ'al
1
5 =0+ 0+ =(4.83)(2)° = 9.66ft Ans.
iy, - -k
Lol g A T
‘-'.‘-'JJy’ ‘ g
*\: ey
B/
s
l"‘%
Iq )
Ans:
Np = 9501b
Ny = 1051b
s = 9.66 ft

814
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17-27.

The sports car has a weight of 4500 b and center of gravity
at G. If it starts from rest it causes the rear wheels to slip
as it accelerates. Determine how long it takes for it to reach
a speed of 10 ft/s. Also, what are the normal reactions at
cach of the four wheels on the road? The coefficients of
static and kinetic friction at the road are u, = 0.5 and
= 0.3, respectively. Neglect the mass of the wheels.

SOLUTION

CHIM 4 = M) a:

5 EF, = miag),;

+1 ZF, = mlagz),;

Solving,

—2Ng(6) + 4500(2) = 32 ag(2.5)
4500
03(2Ny) = ﬁtl(;

INp + 2N, — 4500 = 0

N4 =13931b

Npg=28571b

a; = 3.68 fi/s’

(5) v =y + ad
10 =0 + 3.68¢

1 =272s

4ft

Ans.

Ans.

Ans.

Ans:

N4 = 13931b
Ny =8571b
t=272s

817
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#17-32. 300

A force of P = 300 N is applied to the 60-kg cart. Determine P
the reactions at both the wheels at A and both the wheels
at B. Also, what is the acceleration of the cart? The mass 30° /
center of the cart is at G. i S—
0.4m e B 7I‘
0.3m
o7 M
l4 B
SOLUTION |
" 03m —F 02m
Equations of Motions. Referring to the FBD of the cart, Fig. a. 0.08
ESFE = mlag);  300cos30° = 60a \J/ N
a = 43301 m/s" = 433m/s* — Ans. ‘\\ B
! _ ' m
+Tzﬁ. = mmlag),; N4 + Np + 300sin 30° — 60(9.81) = 60(0) (1
C+IM; = O; Np(0.2) — N4(0.3) + 300 cos 30°(0.1)
— 300 sin 30°(0.38) = 0 (2)
Solving Egs. (1) and (2),
N4 = 11340N = 113N Ans.
Np = 32520N = 325N Ans.

60(9-80N

a3m

Ans:
a=433m/s —
Ny =113N

Ny = 325N
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17-33.
Determine the largest force P that can be applied to the P
60-kg cart, without causing one of the wheel reactions,
either at A or at B, to be zero. Also, what is the acceleration e/
of the cart? The mass center of the cartis at G. '
G .ﬁé———»ﬁ,,,
04m ~ f
Do 03 m
|
) &
A B
I
SOLUTION
[ 03m —f 02m -

Equations of Motions. Since (0.38 m) tan 30° = 022m > 0.1, the line of action
of P passes below G.Therefore, P tends to rotate the cart clockwise. The wheels at A

will leave the ground before those at B. Then, it is required that Ny = 0. Referring,

to the FBD of the cart, Fig. a
+1XF, = mag)y; Ny + Psin30° — 60(9.81) = 60(0) (1)

(3]
—

C+EIM; =10 Pcos 30°(0.1) — Psin30°(0.38) + Ny(0.2) = 0 (
Solving Egs. (1) and (2)
P =57877N = 579N Ans.
N = 29922 N

[ o3m |oz2m)|

0.08

03m

4
-

Ans:
P =579N

823
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17-57.

The 10-kg wheel has a radius of gyration & 4 = 200 mm. If
the wheel is subjected to a moment M = (5¢) N-m, where
is in seconds, determine its angular velocity when + = 3 s
starting from rest. Also, compute the reactions which the
fixed pin A exerts on the wheel during the motion.

SOLUTION

BHYF, = miag),;

+ 13F, = m(ag), A, — 10(9.81) = 0
|

C+3EM,=1, 5t = 10(0.2)’a

1
= T
dr

1

2 125
w = / 12.5¢ dt = —=(3)?
Jo 2

w = 56.2 rad/s

A, =0

A, = 981N

_ 2
IA =z KA
@, =o
a’ 20

X fo

Ans.
Ans.

Ans.

Ans:

w = 56.2rad/s
A =0

A, =98IN

847



© 2016 Pearson Education, Inc., Upper Saddle River, NJ. Al rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

17-58.

The uniform 24-kg plate is released from rest at the position
shown. Determine its initial angular acceleration and the
horizontal and vertical reactions at the pin A.

- b I(:,; ‘r;fm(fz-f‘—bz)
SOLUTION = 'IZL % b?

Equations of Motion. The mass moment of inertia of the plate about its center of

. s 1 oo 5 . "
gravity G is I; = 1—?(24)(().3* + 0.5%) = 1.00 kg-m? Since the plate is at rest

initially @ = 0. Thus, (ag), = w’rg = 0. Here rg = V0257 + 0252 = 025V m.

w
Thus. (ac), = arg = ol025V2
the plate,

). Referring to the FBD and kinetic diagram of
C+3M, = (M) —24(9.81)(0.25) = —24[a(025V2)](025V2) — 1.00a
a = 14715rad/s* = 14.7 rad /s’ Ans.
Also, the same result can be obtained by applying 2M, = I, where
I

li= 6(24)((},5? +0.5%) + 24(025V2)* = 400 kg m™:

CH+3My = lyar  —24(9.81)(025) = —400 &

& = 14715 rad/s’
ESF = mlag)c A = 24[14.715(0.25V2)] cos 45° = 88.29 N = 883N Ans.
+1SF, = mlag); A, — 24(981) = —24[14.715(0.25V2) ] sin 45°

A, = l47.15N = 147N Ans.

Mla),=0

Jj;. aa;ﬁm

Ik

v
24480A
@)

=/ 00K

M), =24 [K(0.25.%)]

Ans:

a = 147 rad/s*
A, = 883N
A. = 147N

848
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17-65.

SOLUTION

Disk A:

Disk B:

+2ZMg = lpay;

Solving:

C+IM,4 =l ay:

ap

Disk A has a weight of 5 Ib and disk B has a weight of 10 Ib.
If no slipping occurs between them, determine the couple
moment M which must be applied to disk A to give it an
angular acceleration of 4 rad/s.

e |l

K

-‘_____,__—-——-,"

A g
B

I
M - Fp(03) = |

l
Fp(075) = {

Fay = rpoag

05(4) = 0.75&’5

= 267rad/s>.  Fp=03111b

=02331b - 1

D)

2
N

ra |
N
w‘
D=
ol =
S
—
o
~

a = 4rad/s?

o

6!

D
osit

161
075H
7
e
4 25

Ans:
M = 02331b-ft

Rotar'or
d:\r\f’cﬁ"on

i
h
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17-67.

If the cord at B suddenly fails, determine the horizontal 800 N
and vertical components of the initial reaction at the i
pin A, and the angular acceleration of the 120-kg beam.
Treat the beam as a uniform slender rod.

G

° o

soutioN T, — mL+m (L)"J

Equafmns of Motion. The mass momem of inertia of the beam about A is [, =

Nt

E(lzm(dx) + 120(2%) = 640 kg m’. Initially, the beam is at rest, @ = 0. Thus,

(ag), = @ r = 0. Also. (ag), = arg = @(2) = 2a. Referring to the FBD of the
beam, Fig. a

C+3IM, = L 800(4) + 120(9.81)(2) = 640 «

a = 867875 rad/s* = 8.68 rad/s Ans. {>< :F. O

36, = mlag),; A, =0 Ans.
LF = m(ag): 800 + 120(9.81) + A, = 120[2(8.67875)] an = O ’ (w =
A, = 1037N = 106N Ans.

800N 120(48)N
2m. . A I A Ok

Ans:

a = 868 rad/s’
A, =0

A = 106N

857
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17-72.

The 30-kg disk is originally spinning at @ = 125 rad/s. If it
is placed on the ground, for which the coefficient of kinetic
friction is y,- = 0.5, determine the time required for the
motion to stop. What are the horizontal and vertical
components of force which the member AB exerts on the
pin at A during this time? Neglect the mass of AB.

T — | 2
’LB._ ERAL r

w = 125rad/s

7
SOLUTION \ |,
Equations of Motion. The mass moment of inertia of the disk about B is Li“!"‘
Iy = ;—mr2 = %(30](().32) = 1.35 kg m’. Since it is required 1o slip at C,
F; = ueNe = 0.5 N Referring to the FBD of the disk, Fig. a.
. ) ) ax = &
5 2R = mlag): 0.5Nc — Fypcos 457 = 30(0) (0
+1 XF, = m(ag).: N¢ — Fagsin45° — 30(9.81) = 30(0) 2) a‘j =0
Solving Egs. (1) and (2),
Ne=5886N  Fyy = 41620N O( #—' 0
Subsequently,

C+ SMy = Iya:  0.5(588.6)(0.3) = 135«
a = 654rad/s’ D

Referring to the FBD of pin A, Fig. b,

H3SF =0,  41620c0s45° — A, =0 A, =2943N = 294N Ans.
F1SF, = 0. 41620sin45° — A, =0 A, = 2943N = 294N Ans.

Kinematic. Using the result of a,

\S)o o t2e=etan 0=125+ (—65.4)1
’K\ ’o r=1911s=191s Ans.

Ans:

A, =294 N
A, = 294N
t=191s
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17-74. a)( =1

The 5-kg cylinder is initially at rest when it is placed in a — O
contact with the wall B and the rotor at A. If the rotor :j -
always maintains a constant clockwise angular velocity

.o = 6 rad/s. determine the initial angular acceleration of D( :1:' (&

the cylinder. The coefficient of kinetic friction at the
contacting surfaces B and Cis g, = 0.2.

2 h"vv‘&ft
Iozém(‘ 4

Equations of Motion: The mass moment of inertia of the cylinder about point O is

{

SOLUTION

1
given by [p = Emr2 = %(5)(0.1252] = 0.0390625 kg - m”. Applying Eg. 17-16,

we have

S IF, = miag),: Np+ 02N 4cos45° — N ,sin43® =0 (1

+12F, = miag), 02Ny + 02N, sin 45° + N, cos 45° — 5(9.81) = 0 (2)
C+EMy = Iha: 02N, (0.125) — 02N, (0.125) = 0.0390625a 3)
Solving Egs. (1), (2), and (3) yields:

Ny=5101N  Nz=288N

a = 142 rad/s’ Ans.

\'d
Ans:
a = 142 rad /s’

864
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17-75.

The wheel has a mass of 25 kg and a radius of gyration
kg = 0.15 m. It is originally spinning at w = 40 rad/s. If it is
placed on the ground, for which the coefficient of kinetic
friction is pe = 0.5, determine the time required for the
motion to stop. What are the horizontal and vertical
components of reaction which the pin at A exerts on AR
during this time? Neglect the mass of AB.

SOLUTION I 184 K

Iy = mky = 25(0.15)* = 0.562
+12F, = mlag),: (2} Fas + No - 25(981) =
5EF, =mlag),; 05Nc— (})Fap=0
C+EMy = I 05NH02) = 0.5625(~a)
Solvings Egs. (1).(2) and (3) yields:

Fag=11148N  Nc= 1784N

a = —31.71 rad/s’

A, =3F 4 = 0.8(111.48) = 892N
A, = IF,p = 06(111.48) = 669N

w = wy + a.l

0 =40 + (=31.71)¢

= 1.26%

Amns.

Ans.,

Ans.

Ans:

A, = 892N
A, = 669N
t=125s

865
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17-77.

Disk D turns with a constant clockwise angular velocity of
30 rad/s. Disk E has a weight of 60 Ib and is initially at rest
when it is brought into contact with D. Determine the time
required for disk E to attain the same angular velocity as
disk D. The coefficient of kinetic friction between the two
disks is ;. = 0.3. Neglect the weight of bar BC.

I:_—'—mr‘Q ax:o
& ay =

D(:}:o

SOLUTION

Equations of Motion: The mass moment of inertia of disk £ about point B is given

1 1 5 P ;
by Iy = —mr? = (ﬂ)(l') = (0.9317 slug - f1°. Applying Eq. 17-16, we have

2 2\322
B EF, = mlag), 03N — Fyecosd5° =0 ()
+12F, = mlag),; N — Fpesin45® — 60 = 0 2)
C+IMp = Ige; 0.3N(1) = 0.9317a 3)

Solving Egs. (1). (2) and (3) yields:
Fge =36371b N =85711b  a = 27.60 rad/s®

Kinematics; Applying cquation @ = w;, + a,, we have

(C+) 30 = 0 + 27.601
t=1.09s

Ans:
t = 1.09s
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*17-92.
. I Fa=1001b Fg=2001b
The uniform 150-1b beam is initially at rest when the forces 4
are applied to the cables. Determine the magnitude of the
acceleration of the mass center and the angular acceleration
of the beam al this instant. A B/ oY
In e = di (]

— ,_L 28 L L

SOLUTION

Equations of Mortion: The mass moment of inertia of the beam about its mass center

isly; = Lm.": ] (—liq)( 123) = 55.90 slug - ft’. .
Qx ¥ 0 7 (00

12 125322

150
L IF = N ) . ¥
=F, = m(ag): 200cos 60 =g (ag), ay # o (aq)
(ag), = 21.47 it/ : I 2 ks
+13F, = m(ag),; 100 + 200sin 60° — 150 = (m,). (o¥% :r ) 1001 1501h o
3
(ag), = 26.45 ft/s’ /
+EZM = [ 200 sin 60°(6) — 100(6) = 55.90a \b{' ér 60’
a = 7.857 rad/s’ = 7.86 rad/s’ Kms. L
Thus, the magnitude of a; is 6}’1- éf‘r
= Viag)’ + (a)," = V2147 + 26457 = 34115’ Ans. (A)

o My 200

<4 /

Ans:
a = 7.86 rad/s’
ag = 34.11ft/s’
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17-94.

The tire has a weight of 30 b and a radius of gyration of
ke = 0.6 ft. If the coefficients of static and kinetic friction
between the wheel and the plane are u, = 0.2 and
pp = 0.15, determine the tire's angular acceleration as it

rolls down the incline. Set # = 12°. 2
’T-— &
._-iL- (e
SOLUTION G
" y 30
+2F, = m(ag), : 30sin12° - F = (,, )frc
32.2
NEF, = mag)y: N —30cos12° =0 20k
. Lol
C‘i‘}:f‘t’!{; = [{,‘(l'] F{IZS) = [(2 )((]6) J
Assume the wheel does not slip.
m—
ag = (1.25)a
Solving:
F=1171b
N =129341b

ag = 5.44 ft/s>

a = 4.35 rad/s*

Ans.,
Fro = 02(29.34) = 5.871b > 1.171b 0K 2> F </M§
= Ro ”l'ng

l
No Slipping ( Zaiits
= Fnthon exst.

‘?) ax'-'F O

ty =0 _

X X F0 N ‘ £
ax = ™ &

"POW)'P p is T
o Gutev LC -

Ans:
a = 432 rad/s’
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17-95.

The tire has a weight of 30 Ib and a radius of gyration of
ke = 0.6 ft. If the coefficients of static and kinetic friction
between the wheel and the plane are p, = 0.2 and
i = 0.15, determine the maximum angle & of the inclined
plane so that the tire rolls without slipping.

SOLUTION

Since wheel is on the verge of slipping:

30 3
+ZEF, = nlag),;  30sind —02N = (E)(l.zsm (1) 30lb
3. -
+8ZF, = mlag), ; N = 30cosd =0 2) i
4 P F:0 2N
, 30 , lestt
CHEMc = Igas  02N(125) = |( 575 )06 fa (3)

Substituting Egs.(2) and (3) into Eq. (1),
30sinf — 6cos B = 26.042 cos 6
30sinf = 32.042 cos 8
tan 8 = 1.068

= @M aSAPﬂ?b/é’M E‘:.?_.‘.{/ But :
For (nhcal Rolng ( Withoot S'f‘PP”“fa
JuSrL Sub

> Thwe efuaﬁ&m , 3 Unkinowvs, (6’, N, <><>

* g < q(oxcid = IQO“JAJ with GI'PP"“(?

v @ >96T 3 Puc Riting
# & gu’*ﬂ»ou:b s\opping

(Qﬂl\u‘ﬂj on The Verge
Oof Sli‘PP fnj) 32:46.9"
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*17-104.

If P =30 Ib, determine the angular acceleration of the 50-1b
roller. Assume the roller to be a uniform cylinder and that

no slipping occurs. 2
l
I = —m/
G 2

SOLUTION

Equations of Metion: The mass moment of inertia of the roller about its mass center

1oL, 1[50 ,
isIg = =mr? = = == ){1.5?) = 1.7469 slug - ft". We have
2 2\322 :

50

5 SF, = miag),; 30cos30 — F; = ——=ag (1)
322

+12F, = m(ag),, N —50—-30sin30°=0 N =0651b

+IMg = Igen F(1.5) = 1.7469 (2)

Since the roller rolls without slipping,
ag; = ar = «1.5) (3)

Solving Egs. (1) through (3) yields
a = 7.436 tad/s’ = 7.44 rad/s’ Ans. N
F; = 8.6601b ag; = 11.15 fi/s° (a)

\l

Pune
Rgllt‘ﬂj +
ND Slfﬂ)\‘r\ﬂ

F¥o

dy =X o
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17-105.

If the coefficient of static friction between the 30-Ib roller
and the ground is p, = 0.25, determine the maximum force
P that can be applied to the handle, so that roller rolls on the
ground without slipping. Also, find the angular acceleration
of the roller. Assume the roller to be a uniform cylinder.

SOLUTION
Equations of Motion: The mass moment of inertia of the roller about its mass center
1 , 1/ 350 5
islg = 5mr’ = E(; 2)(! 5%) = 1.7469 slug - 1. We have
. 50 |
5 3F, = mlag); Pcos30° — F, = i G Qnm (1

32.2

+1%F, = mag),, N ~ Psin30° =50 =0 Ritvng Wit @
FEMg = Tga:  F/(15) = 1.746% 3,‘\???06 3)

Since the roller is required to be on the verge of slipping,
—_——

ag = ar = a(l.3) 4)
Fr=uN = 025N P (5)
Qoﬂt Y\ﬂ
Solving Egs. (1) through (5) vields
a = 18.93 rad/s® = 18.9 rad/s’ P =76371b =764 1b Ans.

N = 88.18 Ib ag = 2839 ft/s? Fy=22051b

fome a5 proh. 7-104 , 3ok

&QV'\:
FO( (Vlr’h\CM QO”RV\@ (wn‘—H«oui S(ﬁpp/'ﬂg)
Jus Sub.

:? “Theee 6.7p‘ , 3 (,(nlémo@ﬂ@/ P} N/ D{ .

L pyHemy puney ue

i
rom ook

Slipping
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17-113.

The uniform disk of mass m is rotating with an angular
velocity of w, when it is placed on the floor. Determine the
initial angular acceleration of the disk and the acceleration
of its mass center. The coefficient of kinetic friction between
the disk and the floor 1s p.

SOLUTION
Equations of Motion. Since the disk slips, the frictional force is F; =y, N. The mass

; y : x . 1
moment of inertia of the disk about its mass centeris I; = Emrl. We have

+12F, = m(ag),. N-mg=10 N = mg

ESF =mlag):  mlmg) = mag ag = upg < Ans.
" I, 2u8

CH+EMg = Iga; —pi(mg)r = (Ernr")a a = 'L;" D Ans.

ax O
A % 0

Ans
ag = g
"y
L,
o= *g,}

904
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17-114.

The uniform disk of mass m is rotating with an angular
velocity of wy when it is placed on the floor. Determine the
time before it starts to roll without slipping. What is the
angular velocity of the disk at this instant? The coefficient
of kinetic friction between the disk and the floor is g,

SOLUTION
Egquations of Motion: Since the disk slips. the frictional force is F; = p, N. The mass N emjl
1
moment of inertia of the disk about its mass center is J; = —mr’.
2 Rolly; ‘Hh Shipps
"FTEF,. = mf(ag),: N-mg=20 N = mg { nﬂ f() i IPPJI’)S
EIF, = mlag)s  mmg) = mag Qg = M8 ‘%
, . L. 24t
+EIM; = I —p(mg)r = —(Emr’)a a = .b:r\ﬂ

T

X

Kinematics: At the instant when the disk rolls without slipping. v; = wr. Thus,

{ ‘:t) vg = (v + agt
wr =0+ ppt S(_’..ar.t
wr

" s Rollinyg i
and w:‘“ﬁno U*
w = wy + at S{,L‘pp;\nj

2
(C+) ©=wp+ (--—%ﬁ)f k k}é — D t (2)
S
Solving Eqs. (1) and (2) yields C o o) &P_Ui

1 wyl /L( s

Ans.

w =t f= g Pun n;ih‘nj
% J&me Qs beb [#-13 -

Sffur*’é' Qﬂ:‘ﬂ O itheut S(L-\Ppa\ﬂg % L)G:: I

Ans:
1
w Sy
=¥
W
- >
g
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17-115.
A cord is wrapped around cach of the two 10-kg disks.
If they are released from rest, determine the angular

acceleration of each disk and the tension in the cord C.
Neglect the mass of the cord.

=1 g
SOLUTION 1 ) c

For A:
»B
M 90 mm
CHEM4 = T4aq  T(0.09) = |;(10)([).0912}a,| (1

For B: 10(9.81) N
. 1 a Wy
C+EMy = Iy 7(0.09) = i(l(})([l()?))- y (2) 009 m =
A, T
+1 EF, = m(ag),:  10(9.81) = T = 10a, 3)
5

ap = ap + (agp) + (ag/pls

(+1)ag = 0.09, + 009y + 0 ) _ %
s 0.09 m

Solving, d"b 04 An 20 ("*" 10) HH9.81) N 10ag

ay = 7.85 m/s*

a, = 43.6 rad/s’ Ans.
ay = 43.6 rad/s’ Ans.
T =196N Ans.
A, = 10(9.81) + 19.62

118N OLP‘

Ans:

a, =43.6 TBd/S"D
ay=436rad/s’D
T=196N

906
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*17-116.
The disk of mass m and radius r rolls without slipping on the LN
circular path. Determine the normal force which the path ‘;}\
exerts on the disk and the disk’s angular acceleration if at A\
the instant shown the disk has an angular velocity of . o N
Teo=bmw \ -
G= gm0
"“.‘ (17] \
SOLUTION f/'{\‘\\
Equation of Motion: The mass moment of inertia of the disk about its center of W J
g 1 :
mass is given by I; = 5 mr®. Applying Eq. 17-16, we have
; l
C+HIM, = Z(M).a; mg sin 8(r) = (Emrz)o- + m(ag), (r) [1]
e . yi R—— 5 »
2F, = mlag),: N — mgcos @ = m(ag), 12] \ mg
\ o
Kinemarics: Since the semicircular disk does not slip at A, then v; = wr and
(a¢;), = ar. Substitute (a;;), = ar into Eq. [1] vields
|
. 1 2 : 2
mg sin 6(r) = | S mr® Ja + m(ar)(r) s
- A
2
= sin @ Ans. N
3 -
I
Also, the center of the mass for the disk moves around a circular path having a 1ia G
v w'r? ‘& Tex {E!ﬂ‘“}
radiusof p = R — r.Thus, (ag), = — = R .Substitute into Eq. [2] yields i
—-r N,
alr? f ‘:4) j
N — mgcosf = m(R ) L/’\\_:)%
—r )
m(dg)t
2,2
N = m( @ + gcos H) Ans.
R—r
AnF O
Ans:
2
a = :E sin 6
ar
22
= wr
N = m(R + gcos H)
—y b

LYY
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17-118.

The 500-1b beam is supported at A and B when it is 1000 Ib
subjected to a force of 1000 Ib as shown. If the pin support
at A suddenly fails, determine the beam’s initial angular
acceleration and the force of the roller support on the beam. §
For the calculation, assume that the beam is a slender rod ‘ . gsgg

so that its thickness can be neglected. | B |A

— L Le ‘-— 8 ft———— --—‘\ 2fi ‘
IG‘ 7 e

SOLUTION

4 501
& SF, = mlag).: 1000(2> = —;—2()—,);(@(;], 1.000 1b

: Jes il 500 ib 500, | )

3 500 i Mgt 3300% ool
+1 SVF, = m(ag),; 1000 (§> + 500 — By = - {ag), N I = 8

) 8 it 500
B, 53—2‘“6),

CH3EMp = D (Mpg 5003) + 1000@) (8) = %la(;)\.(f%) - {% (%) (10)2%
dg = ag + ag,;
—agi = —(ag), i — (ag),j + a(3)j
(+1) (ac), = (3)

a = 234 rad/s* Ans.

B, =9.621b Ans.

B, = 0 means that the beam stays in contact with the roller support.

Ans:
a = 23.4rad/s*
B, = 9.621b

209
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1742,

The uniform crate has a mass of 50 kg and rests on the cart
having an inclined surface. Determine the smallest
acceleration that will cause the crate either to tip or slip
relative to the cart. What is the magnitude of this
acceleration? The coefficient of static friction between the
crate and the cart is p, = 0.5.

SOLUTION

Equations of Motion: Assume that the crate slips, then Iy = u, N = 05N,

C+EM,y = S(My).:  50(9.81) cos 15°(x) — 50(9.81) sin 15°(0.5)

= 30a cos 15°(0.5) + 50a sin 15°(x) (1)
+72F, = m(ag)y; N — 50(9.81) cos 15° = —50a sin 15° (2)
NEEF = mlag) et 50(9.81) sin 15° — 0.5N = —50a cos 15° 3)

Solving Egs. (1), (2).and (3) yields

N = 4781 N x=0250m
a = 2.01 m/s Ans,
Since x < 0.3 m, then crate will not tip. Thus. the crate slips. Ans.

50d

Ans:
A a = 201 m/s
The crate slips.

Y
L
&
?1‘.
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17-43.

Determine the acceleration of the 150-1b cabinet and the
normal reaction under the legs A and B if P = 35 Ib. The
coefficients of static and kinetic friction between the
cabinet and the plane are u, =02 and p; = 0.15,
respectively. The cabinet’s center of gravity is located at G.

SOLUTION

Equations of Equilibrium: The free-body diagram of the cabinet under the static
condition is shown in Fig. a, where P is the unknown minimum force needed to move
the cabinet. We will assume that the cabinet slides before it tips. Then,
Fy=pNy=02N and Fy = uNg = 02Ny

H3F =0 P-02N,-02Nz=0 a)t -0 (1
+12F, =0 N,+ Ny—150=0 a -0 2)
+IM, =0 Ng(2) — 150(1) — P(4) = 0 g 3)

D/\.—:O

Solving Egs. (1).(2), and (3) yields

P =301b Ny4=151b Ny =1351b
Since P < 35 1b and N 4 is positive, the cabinet will slide.

T —— =l
Equations of Motion: Since the cabinet is in motion, F 4 = N, = 0.15N 4 and
Fp = Ny = 015N, Referring to the free-body diagram of the cabinet shown in
Fig. b,

B SF = mlag)y 35 — 0.15N , — 0.15N = (%)a 4)
B IF, = mlag),; Ny+Ng—150=0 5)
FEM, =0 Ny(1) = 0.15N4(3.5) — 015N 4(3.5) — N4(1) — 35(0.5) = 0 (6)
Solving Eqgs. (4).(5), and (6) yields
a = 2.68 fi/s® Ans
N, =2691b Ny =1231b Ans

4t

N

It

3.5t

i
= 0-/9/‘/5

Ans:

a = 2.681t/s
Ny =2691b
Ny =1231b

833
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17-61.

If a horizontal force of P =100 N is applied to the 300-kg
reel of cable, determine its initial angular acceleration.
The reel rests on rollers at A and B and has a radius of

gyration of kp = 0.6 m.

Io =m Ko

SOLUTION

Equations of Motions. The mass moment of inertia of the reel about O is
1o = Mk = 300(0.6%) = 108 kg - m’. Referring to the FBD of the reel, Fig. a,

C+3Mpy = lpe;  —1000.75) = 108(—a)
a = 0.6944 rad/s’
= (1.694 rad/s’ Ans.

O bon
Ay = o
ag = 0
X %o
FFE =5

—>  NaSin20° — Ng 8in20 4100 = o

SH=o

—>  Np (520 + Ny (0520 — 300(‘?{30 — o

N Ny = 14193+ N
Ng = (#12.] N

Ans:
o = 0.604 rad/s’

851
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17-63.

The 10-1b bar is pinned at its center O and connected to a
torsional spring. The spring has a stiffness k = 51b-ft/rad, so
that the torque developed is M = (56) Ib- ft, where 6 is in
radians. If the bar is released from rest when it is vertical at
6 = 90°, determine its angular velocity at the instant § = 45°.

SOLUTION 0 12
R I (e
C+EMg, = lom; 3= 1—2(322)(2) la .
a = — 4834
D M:gs

adf = wdo

5 o 1
= / 4830 do = / w dw
X 0

= 24.15((%)2 s (%)3> - %m?

w = 945 rad/s Ans.

Ans:
w = 945rad/s
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17-70.

The 20-kg roll of paper has a radius of gyration k ; =90 mm
about an axis passing through point A. It is pin supported at
both ends by two brackets A B. If the roll rests against a wall
for which the coefficient of kinetic friction is g, = 0.2,
determine the constant vertical force F that must be applied
to the roll to pull off 1 m of paper in =3 s starting from rest.
Neglect the mass of paper that is removed.

SOLUTION I - ™ (\?

|
(+1)s=s5)+ vt + ;a(-:l A

o ,
=0+ 0+ Eu{-(_?) 0{ — ag
ac = 0222 m/s r

=T W
*=pizs TS

+ SF = m(ag,); N — Typcos67.38° = 0

+1 2F, = m(ag),,  Tapsin67.38° — 0.2Ne — 20(9.81) — F =0

FIM, = L —02NA(0.125) + F(0.125) = 20(0.09)%(1.778
C'r A Al cl ) ( ) ( ) ( ) 2.0(5’.7'\]\]
Solving:
Ne =993 N
Typ = 258N
F=221N Ans.
a?( = L
(13 = L)
Ans:
F=221N

860
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*17-76.

The 20-kg roll of paper has a radius of gyration
k , =120 mm about an axis passing through point A. Itis pin
supported at both ends by two brackets AB. The roll rests
on the floor, for which the coefficient of kinetic friction is
4, = 0.2.1f a horizontal force F'=60 N is applied to the end
of the paper, determine the initial angular acceleration of

the roll as the paper unrolls. 2 |
I A— m MA - 400 mm ———
A

SOLUTION

Equations of Motion. The mass moment of inertia of the paper roll about A is
I, = mky = 20(012%) = 0288 kg~ m’. Since it is required to slip at C, the friction is
F = N = 0.2 N, Referring to the FBD of the paper roll, Fig. a

+ : ] 4
£ 3F = mlag)s 02N - Ful s ) + 60 = 20(0) a

+1 3F, = mlag),; N - F.-m(%) - 20(9.81) = 20(0) 2)
Solving Egs. (1) and (2)
Fup=14594N N =28376N
Subsequently
C+3M, = L, 02(283.76)(0.3) — 60(0.3) = 0.288(~a)
a = 33824 rad/s? = 3.38rad/s’ Ans. w)

20(981)N

GoN
-
ax = 0
d(j = )

L 0

Ans:
« = 338rad/s’

866
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17-79.

The two blocks A and B have a mass of 5 kg and 10 kg,
respectively. If the pulley can be treated as a disk of mass 3 kg
and radius 0.15 m, determine the acceleration of block A.
Neglect the mass of the cord and any slipping on the pulley.

SOLUTION °

Kinematics: Since the pulley rotates about a fixed axis passes through point O, its
angular acceleration is

o 6.6667a

The mass moment of inertia of the pulley about point O is

1, 1 2 . )
l,= ;Mr‘ = 5(3)(0.15') = 0.03375kg-m-

I

Equation of Motion: Write the moment equation of motion about point O by
referring to the free-body and kinetic diagram of the system shown in Fig. a,

C+EM, = S(My),; 5(9.81)(0.15) — 10(9.81)(0.15)
= —0.03375(6.6667a) — Sa(0.15) — 10a(0.15)

= 2973 m/s* = 2.97 m/s’

X = 6.6b6(2a%3) = 19.62 rwl/g'l
Z — m A 015

Fo'._mg ~5(a. Sl).-uo(‘fﬂ) 5a-loa

E_ 161,70 N 380N M

0

Ta A A
“ P 1A
B 5@0n ||| sa |]
(0(a.91) ) }
S(q‘go e 10(981)N 104

T - 5(4‘9’):5-62' 10(4.31) - = loa k!
2 TL = 63.92 N = e = 6?,3?‘ N :?IS:Z.(J?m,-’SZ

‘:.\

T +Th S (F7)r=T«
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Then

17-86.

The 4-kg slender rod is initially supported horizontally by a 100N

spring at B and pin at A. Determine the angular acceleration e B B b
of the rod and the acceleration of the rod’s mass center at —‘

the instant the 100-N force is applied. AfeY =B
& ® k = 20 N/m

T=gmlaml)

A

SOLUTION

Equation of Motion. The mass moment of inertia of the rod about A is I, = 1—12 (4)(3%) + . W\ 3
4(1.5%) = 12.0 kg - m’. Initially, the beam is at rest, = 0. Thus, (a5), = «’r = 0. Also, E poasas —_—
(ag;), = arg; = a(1.5). The force developed in the spring before the application of the P 2

100 N force is F, = ﬂ‘)ﬁzli)N = 19.62 N. Referring to the FBD of the rod, Fig. a.

C+ My = Lia: 19.62(3) — 100(1.5) — 4(9.81)(1.5) = 12.0(—a)

a=125rad/s) Ans.

(ag), = 12.5(1.5) = 1875 m/s? |

Since (ag;), = (. Then

W
a.t— - Q( (.'G‘ J5m l-5m

ag = (ag), = 1875m/s* | Ans.

=0 CQQH') 100N

— Wy
2 A G L,
@4)1‘;«0'5)

-

A 4geN  feigaed

X F o @)

T Z-&: = Ma{ = W\O<(C;,
e Ae — 4(q8)—loo+19. 62 = -H‘(r?.s)Q..s)

a = 125rad/s0

= A-l: — L{—Lf-. 62 N ac = 1875m/s* |
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17-91.
The 20-kg punching bag has a radius of gyration about its
center of mass G of kg = 0.4 m. If it is initially at rest and is

subjected to a horizontal force F = 30N, determine the
initial angular acceleration of the bag and the tension in the

supporting cable AB.

G

30 = 20(ag).

e
r—

14

SOLUTION
5 IF, = mlag)s
+12F, = mlag),: T — 1962 = 20(ag),
C+SMg = Toa;  30(0.6) = 20(0.4)

a = 5.62rad/s’

(ag), = 1.5m/s’

ag = ag T Ay

agi = (ag)y§ + (ac)d — a(03)i
(+N (ag), = 0
Thus,

T =19N

ay\#:o

X % o

2
Ke

Ans. 1,;
Fz30n —l ’ J
196.2 N
(Ben=0
Ans.

—> (dg)s = dp

f e

(OGJj

&
W=p

30N

Ans:
a = 5.62rad/s
T=19N
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+17-96.

The spool has a mass of 100 kg and a radius of gyration of

k¢ = 0.3 m. If the coefficients of static and kinetic friction : ; P
at A are u, = 0.2and p; = 0.15, respectively, determine the 250 Y -
angular acceleration of the spool if P = 50 N. - mﬁ‘%}’;’g L

i 0 e

._...—-G ; A

SOLUTION "
‘ a & 81) N
BEF, = mag),; 50+ Fa = 100ag 100(7.:81)
‘+Q
X

+12F, = mlag),:  Na— 100(9.81) = 0

C+3Mg; = Iga 50(0.25) — F 4(0.4) = [100(0.3) ] )\ lozm

apeno g _/, 0.4m
Assume no slipping: a;; = 0.4«

EE N . el

a = 1.30 rad/s’ Ans. A

ag = 0520m/s* N;=981N  F,=200N Ny
Since (F )max = 0.2(981) = 1962 N = 2.00 N OK

Ep—

C(,(=|=o
X Fo

QOU\MQ
. =X
R < N, o o > o, =

Ans:
a = 1.30rad/s®
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17-97.

Solve Prob. 17-96 if the cord and force P = 50N are P
directed vertically upwards.

SOLUTION

5 IF, = mlag)x; F, = 100ag P=50A

oL
+1SF, = m(ag),: Nai+ 50— 100(9.81) = 0 %,‘34

C+SMg = loa;  50(0.25) — F4(0.4) = [100(0.3))]a

0.26m
100¢9.80 N

Assume no slipping: a; = 0.4«

a = 0.500 rad/s Ans. 04m
ac = 0.2 m/s’ Ni=931N F,=20N
Since (F pmax = 0.2(931) = 1862 N > 20N OK A

au :,-'-' O
Ay=0 > No motiDn 1n y — A veckigen

Teus Ny exicd .
X F0

R liin
E </5 NA = CI}\IU\ﬂ > agzxr
S\ipping

Ans:
a = 0.500 rad/s*
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*  xk

17-99.
The 12-kg uniform bar is supported by a roller at A. If a -A  F=80N
horizontal force of F = 80 N is applied to the roller, @b’

determine the acceleration of the center of the roller at the
instant the force is applied. Neglect the weight and the size

of the roller.
2,

SOLUTION

2m

Equations of Motion. The mass moment of inertia of the bar about its center of gravity &
1 > 1 2 : S5 L

islg = Em!" = T (12)(2?) = 4.00 kg- m’. Referring to the FBD and kinetic diagram

of the bar, Fig. a

+ )

— XF, = miag),: 80 = 12(ag), (ag)y = 6.6667 m/s™ — A g'o

CHIM,y = (y)as 0 = 12(6.6667)(1) — 4.00 « a = 20.0rad/s* D

Kinematic. Since the bar is initially at rest, @ = 0. Applying the relative acceleration
equation by referring to Fig. b,

C
aG = a, + a X rg — @G, Np‘ T
6.6667i + (ag),j = aqsi + (—20.0k) x (=j) — 0
6.6667i + (ag),j = (a, — 20)i : 6\
Equating i and j components, P
6.6667 =a, - lu, uy =2667m/s’=26Tm/s — Ans.
(ag), = 0

"3

o »

-k

S | —
A F-gon A
K H mids)y
m g im " Idady im t=20-0 radfpr <0
= = ) ¢667 st

Tqt

= R
12(9.80)N | - J2(A6),
:4,M ’

ax%o
a’_j =0

c>4—~’:0

Ans:
a, = 267m/s"—
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17-106.

The uniform bar of mass m and length L is balanced in the
vertical position when the horizontal force P is applied to
the roller at A. Determine the bar’s initial angular
acceleration and the acceleration of its top point B.

SOLUTION

L SF =mlag); P = mag

& _ ) LY (1 .5\
C + ZM’r; = I(;ﬂf. P(E) = (IZHTL )G

P= t],)—err
g s°
m 70
. =
A = = LOQ
ap = ag t ag,; ] aB= a& *dngﬁ'h B]&
—agi = ?| + Eﬂ'l
P La
+ = =
(4—) ap m 2
_P_ L(ﬂ)
" m 2\nl
2 2P
A== 5o
m m

e

Ans.

Ans.

L X5

¥ o

——— = il L
"
? <—Tﬂﬂ
%y
-
z
A - z.éC
f
Ay, :f- 0
aj =0
ol F 0
TA
Cp
Ans:
e
mL
a;,fg
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* £

17-107.

Solve Prob. 17-106 if the roller is removed and the

coefficient of kinetic friction at the ground is u,.

1

L=
SOLUTION

T EF = miag), P - uN, = mag

: L (1 .,
C+ IMg = Ige; (P - [.Lki\f’_-s')',; - (Eml:)a

+13F =mlag)s Ny-—mg=0
Solving,
Ny = mg
WL
6=

_ 6P — wmg)

mL
ag = a; + ap;
L
(i_,) ag = *ga %+ Eﬂ'
La
aB == T

2P — pmg)
o=

e —

2

L

Ans.

p IR
%
‘P ﬂuM,\
M'f
Ox F9
— O

Ans:

A _ 6(P — pymg)

44
mL

2P — e mg)

ap =
n

—T—>l¢_ <—4o
>
v
S
Z
>~

898




KINETIC ENERGY, WORK, PRINCIPLE
OF WORK AND ENERGY

Objectives:

Students will be able to:

1. Define the various ways a
force and couple do work.

2. Apply the principle of work
and energy to a rigid body.




READING QUIZ

1. Kinetic energy due to rotation of the body is defined as
A) (172) m (vp)>. B) (1/2) m (vg)*+ (1/2) 15 o?.
C)(1/2) 1, . D) I,w>

2. When calculating work done by forces, the work of an internal
force does not have to be considered because

A) 1nternal forces do not exist

the forces act in equal but opposite collinear pairs
C) the body is at rest initially
D) the body can deform



The work of the torque (or moment) developed by the driving gears
on the two motors on the concrete mixer 1s transformed into the
rotational kinetic energy of the mixing drum.

If the motor gear characteristics are known, how would you find
the rotational velocity of the mixing drum?



APPLICATIONS

The work done by the soil compactor's engine is transformed into
the translational kinetic energy of the frame and the translational
and rotational kinetic energy of the roller and wheels (excluding the
internal kinetic energy developed by the moving parts of the engine
and drive train).

Are the kinetic energies of the frame and the roller related to each
other? If so, how?



KINETIC ENERGY (Section 18.1)

The kinetic energy of a rigid body can be expressed as the sum of
its translational and rotational kinetic energies. In equation form, a
body in general plane motion has kinetic energy given by:

T=12m (vy)* + 12 I ®?

Several simplifications can occur. —

1. Pure Translation: @ When a rigid body is
subjected to only curvilinear or rectilinear Voo
translation, the rotational kinetic energy 1is
zero (o = 0). Therefore,

T=1/2m (vy)?

Translation



KINETIC ENERGY (continued)

.

2. Pure Rotation:  When a rigid body 1is

Q rotating about a fixed axis passing through
ol point O, the body has both translational and
rotational kinetic energy. Thus,
A
T=0.5m (vy)*+ 0.5 [ »?
Rotation About a Fixed Axis Since v = r;m, we can express the kinetic

energy of the body as:
T=0.5[15+m(r5)?] ®*=0.51,w?

If the rotation occurs about the mass center, G, then what 1s the
value of v;?

In this case, the velocity of the mass center 1s equal to zero.
So the kinetic energy equation reduces to:

T=0.51;w?



THE WORK OF A FORCE (Section 18.2)
Recall that the work done by a force can be written as:

UFZIF- dr=] (F.cos 6) ds.

When the force is constant, this equation reduces to
U= (F.cos 0)s where F_cos@ represents the component of the force
acting 1n the direction of the displacement, s.

Work of a weight: As before, the work

,Gl ‘ can be expressed as U, =-WAy.
Fd _ Remember, if the force and movement
4 are in the same direction, the work is
C’l 4 | positive.
w
k F, . .
24 Work of a spring force: For a linear

| spring, the work 1is:
Unstretched | ;. __| US — 'O-5k[(82)2 _ (81)2]

position of |
spring, s = 0




FORCES THAT DO NO WORK

There are some external forces that do no work.

For instance, reactions at fixed supports do no work because the
displacement at their point of application 1s zero.

Normal forces and friction forces acting on
bodies as they roll without slipping over a
rough surface also do no work since there is
no instantaneous displacement of the point in
contact with ground (it 1s an instant center,

IC).

Internal forces do no work because they always act in equal and
opposite pairs. Thus, the sum of their work 1s zero.



THE WORK OF A COUPLE (Section 18.3)

F
dsy do

;.-—ﬂ-;.h_ df
n-----__E “‘".11-._7' =
2

e
L ds,

F

When a body subjected to a couple experiences
general plane motion, the two couple forces do
work only when the body undergoes rotation.

If the body rotates through an angular
displacement dO, the work of the couple

moment, M, 1s:
e2
= [mdo
0,

If the couple moment, M, is constant, then
Uy=M(0,-6,)

Here the work 1s positive, provided M and (0, — 0,) are in the same

direction.



PRINCIPLE OF WORK AND ENERGY (Section 18.4)

Recall the statement of the principle of work and energy used
carlier:

Iy +2U, =1,

In the case of general plane motion, this equation states that the sum
of the 1nitial kinetic energy (both translational and rotational) and
the work done by all external forces and couple moments equals the
body’s final kinetic energy (translational and rotational).

This equation 1s a scalar equation. It can be applied to a
system of rigid bodies by summing contributions from all

bodies.



EXAMPLE Given:The disk weighs 40 1b

and has a radius of
mSH A gyration (kg) of 0.6 ft. A
15 ft:'lb moment 1is
applied and the spring

has a spring constant of
10 1b/ft.

Find: The angular velocity of the wheel when point G moves 0.5
ft. The wheel starts from rest and rolls without slipping.
The spring 1s initially un-stretched.

Plan: Use the principle of work and energy to solve the problem
since distance 1s the primary parameter. Draw a free body
diagram of the disk and calculate the work of the external
forces.



EXAMPLE (continued)

Solution: Free body diagram of the disk:

Since the disk rolls without slipping
on a horizontal surface, only the
spring force and couple moment M
do work. Why don’t forces Fg and
Nji do any work?

Since the spring is attached to the
top of the wheel, 1t will stretch
twice the amount of displacement
of G, or 1 ft.

F,

kY

i 1b 1

k =10 Ib/ft A

/G)lﬁlb-ft

0.8 ft




EXAMPLE (continued)

k =101b/it A

Work: U,, =-0.5k[(s,)* — (s))*] - M(6,— 6))
o.sr:/él}'f‘ U,,=-0.5(10)(1? — 0) + 15(0.5/0.8) = 4.375 ftIb

Kinematic relation: v =1 ® =0.8®

Kinetic energy:

T,=0

T,=0.5m (vy)* + 0.5 [ »?

T, =0.5(40/32.2)(0.8m)? + 0.5(40/32.2)(0.6)*®?
T,=0.621 »’

Work and energy: T, +U,,=T,
0+ 4375 =
® = 2.65 rad/s

0.621 ®?



CONCEPT

1. If a rnigid body rotates about its center of gravity, its
translational kinetic energy 1s at all times.

A) constant

C) equal to its rotational kinetic energy

D) Cannot be determined

2. A rgid bar of mass m and length L 1s released from rest in the
horizontal position. What 1s the rod’s angular velocity when it
has rotated through 90°?

m
A)\/ g/3L \/3g/L H

C)\/12g/L D) \/g/L



GROUP PROBLEM SOLVING
”

Given: The 50 kg pendulum of
the Charpy impact machine
1s released from rest when
¢ = 0. The radius of
gyration k,=1.75 m.

Find: The angular velocity of the
pendulum when 6= 90°.

Plan:

Since the problem involves distance, the principle of
work and energy is an efficient solution method. The

only force involved doing work 1s the weight, so only its
work need be determined.



GROUP PROBLEM SOLVING (continued)

Solution:
Calculate the vertical distance the mass center moves.
X Ay=1.25sin 6
A, M. Then, determine the work due to
. the weight.
4 1.255in O
’ U, =-WAy

U,, =W (1.25 sin 0)
= 50(9.81) (1.25 sin 90°)
= 613.1 N'm

The mass moment of 1nertia about A 1s:

I,=m (k,)?= 50(1.75)2 = 153.1 kg'm?



GROUP PROBLEM SOLVING (continued)

Kinetic energy: _
T,=0 :

3 1.25sin 0

T, =0.5m(vy)? + 0.5 [; ®?
=0.51, ®?
=0.5(153.1) ®?

Now apply the principle of work and energy equation:
I, +U,=1,
0 +613.1 =76.55 »?
o = 2.83 rad/s



ATTENTION QUIZ

1. A disk and a sphere, each of mass m and radius r, are released
from rest. After 2 full turns, which body has a larger angular
velocity? Assume roll without slip.

")

Sphere B) Disk 0 |

C) The two are equal. D) Cannot be determined.

2. A slender bar of mass m and length L 1s released from rest in a
horizontal position. The work done by its weight when it has
rotated through 90° 1s?

m
A)ymg(n/2) B) mgL H

(©)mgL2) D) -mg(L2)



PLANAR KINETICS OF A RIGID BODY:
CONSERVATION OF ENERGY

Objectives:

Students will be able to:

«m a) Determmme the  potential
| energy of conservative forces.

- b) Apply the principle of
conservation of energy.




READING QUIZ

1. Elastic potential energy is defined as

+(1/2) k (s)2 B) - (1/2) k (s)?
C) +(1/2) k (v)? D) None of the above

2. The kinetic energy of a rigid body consists of the kinetic
energy due to

translational motion and rotational motion

B) only rotational motion

C) only translational motion
D) the deformation of the body



APPLICATIONS

e A T T |

The torsion springs located at the top of
the garage door wind up as the door is
lowered.

When the door 1s raised, the potential
energy stored in the spring 1s transferred
into the gravitational potential energy of
the door’s weight, thereby making it easy
to open.

Are parameters such as the torsional
spring stiffness and 1nitial rotation angle
of the spring important when you install
a new door?



APPLICATIONS (continued)

Two torsional springs are used to assist In
opening and closing the hood of the truck.

Assuming the springs are uncoiled when the
hood 1s opened, can we determine the stiffness
of each spring so that the hood can easily be
lifted, 1.e., practically no external force applied
to 1t, when a person 1s opening it?

Ty

Are the gravitational potential energy of the hood and the
torsional spring stiffness related to each other? If so, how?



CONSERVATION OF ENERGY (Section 18.5)

The conservation of energy theorem 1s a “simpler” energy method
(recall that the principle of work and energy i1s also an energy method)
for solving problems.

Once again, the problem parameter of distance 1s a key indicator for
when conservation of energy 1s a good method to solve a problem.

If 1t 1s appropriate for the problem, conservation of energy 1s easier to
use than the principle of work and energy.

This 1s because the calculation of the work of a conservative force is
simpler. But, what makes a force conservative?



CONSERVATIVE FORCES

A force F'1s conservative if the work done by the force 1s independent
of the path.

In this case, the work depends only on the initial and final positions of
the object with the path between the positions of no consequence.

Typical conservative forces encountered in dynamics are gravitational
forces (1.e., weight) and elastic forces (1.e., springs).

What 1s a common force that i1s not conservative?



CONSERVATION OF ENERGY

When a rigid body i1s acted upon by a system of
conservative forces, the work done by these forces is
conserved. Thus, the sum of kinetic energy and potential
energy remains constant. This principle 1s called
conservation of energy and 1s expressed as:

T,+V, = T,+V, = Constant

In other words, as a rigid body moves from one position
to another when acted upon by only conservative forces,
kinetic energy 1s converted to potential energy and vice
versa.



GRAVITATIONAL POTENTIAL ENERGY

The gravitational potential energy of an object is a function of the
height of the body’s center of gravity above or below a datum.

W
l The gravitational potential
Ve=+Wys|RG*—3 T energy of a body 1s found
+¥g by the equation

I Datum

Ve = Wy

Since the movement (distance) and
the force (the weight) act in the

Gravitational potential energy same direction.

Gravitational potential energy 1s positive when y 1s positive, since
the weight has the ability to do positive work (why 1s it positive?)

when the body is moved back to the datum.



ELASTIC POTENTIAL ENERGY

Spring forces are also conservative forces.

V,=+

1 ;2
?ks

Unstretched
position of
spring, s = ()

k
=MW

S

L |
vy
K,

5

|

Elastic potential energy

The potential energy of
a spring force (F = ks)
1s found by the equation

V, = hks?

Notice that the elastic potential energy 1s always positive.



PROCEDURE FOR ANALYSIS

Problems involving , displacement and
can be solved using the conservation of energy equation.

* Potential energy: Draw two diagrams: one with the body located at
its 1nitial position and one at the final position. Compute the
potential energy at each position using

V=V, +V, where V,=Wysand V.= 1/2 k s,

 Kinetic energy: Compute the kinetic energy of the rigid body at
cach location. Kinetic energy has two components: translational
kinetic energy, , and rotational kinetic energy,

* Apply the conservation of energy equation.



EXAMPLE 1

Given: The rod AB has a mass of
10 kg. Piston B 1s attached

Find:

Plan:

to a spring of constant k =
\k — 800 N/m 800 N/m. The spring 1s un-
stretched when 6 = 0°.
Neglect the mass of the
pistons.

The angular velocity of rod AB at § = 0° if the rod is released
from rest when 6 = 30°.

Use the energy conservation equation since all forces are
conservative and distance 1s a parameter (represented here by
0). The potential energy and kinetic energy of the rod at
states 1 and 2 will have to be determined.



EXAMPLE 1 (continued) Solution:

Initial Position Final Position

v1= (0.2 sin 30°) m

\e/
S| =0
A _\_ > Datum A —1 o ;
o %Dcf i T [0 | Li
k s; = (0.4 sin 30°) m Y98.1 N
® ~9 .y ©
98.IN | B
Potential Energy:

Let’s put the datum in line with the rod when 6 = 0°.
Then, the gravitational potential energy and the elastic potential

energy will be zero at position 2. =V, =0

Gravitational potential energy at 1: - (10)( 9.81) %2 (0.4 sin 30°)

Elastic potential energy at 1: % (800) (0.4 sin 30°)?
So V,= -9.81+16.0 = 6.19N-m



EXAMPLE 1 (continued)

Initial Position Final Position

v1= (0.2 sin 30°) m

BN

08.1 N

Datum TA[" [ G-
ol

= (0.4 sin 30°) m Y98.1 N

g @

& MWW=
|
o i<l
i
Il
i

Kinetic Energy:

The rod is released from rest from position 1.
Therefore, T, = 0.

At position 2, the angular velocity 1s m, and the velocity at the center
of mass 1s v, .

Therefore, T,= % (10)(vg,)?> + ¥ (1/12)(10)(0.4%)(®,)?



EXAMPLE 1 (continued)

At position 2, point A 1s the instantaneous
center of rotation.

Hence, vy, = 155 © =0.2 ®,. Then, (Vo)

T,= 02 0,2 +0.067 ©,2 = 0.267 ®,2 M
G

IC (&
G/ic
0.2 m

Now apply the conservation of energy equation and solve for
the unknown angular velocity, m,.

T +V,=T,+V,
0+6.19 = 0.2670,°+0 = ®,=4.82rad/s



EXAMPLE 11

am Given: The 30 kg rod is released
from rest when 6 = 0°. The

spring 1s unstretched when
6=0°.

Find: The angular velocity of
the rod when 6 = 30°.

Plan:

Since distance 1s a parameter and all forces doing work are
conservative, use conservation of energy. Determine the
potential energy and kinetic energy of the system at both
positions and apply the conservation of energy equation.



EXAMPLE II (continued) 2m

ST
DJdtulll

Solution: 7 -

Potential Energy: k = 80 N/m

Let’s put the datum 1n line with the :
rod when 6 = 0°. NN/

Then, the gravitational potential
energy when 6 = 30° 1s

V,,=-30(9.81) (% 1.5 sin 30°) = -110.4 N-m

The elastic potential energy at 6 = 0° 1s zero since the spring 1s un-
stretched. The un-stretched length of the spring 1s

The elastic at @ =30° 1s

V., = % 80 (¥0.52+(1.5 sin 30°)2 — 0.5)> = 6.444 N-m




EXAMPLE II (continued)

Kinetic Energy:
The rod is released fromrest at 6 = 0°,s0 oMy - ammﬁ """
Vg = 0 and o, = 0. Thus, the kinetic giig.#_ ,
energy at position 1 is T, = 0. &

At 8 =30°, the angular velocity 1s o, and
the velocity at the center of mass 1s v, .

T,="2m (vgy)* + 2 15 (®,)*
=% (30) (vgp)? + Y2 {(1/12) 30 (1.5)*} (®,)?

Since v, = (0.75 ,),
T, = (30) (0.75 ,)* + {(1/12)30(1.5)?} (®,) ?
T, =11.25 (®,)?



EXAMPLE II (continued)

Now all terms in the conservation of energy equation have been
formulated. Writing the general equation and then substituting into
it yields:

T, +V,=T1,%V,
O0+0=11.25 (002)2 + (-110.4 + 6.444)

Solving , ®,=3.04 rad/s



UNDERSTANDING QUIZ

1. At the instant shown, the spring 1s

undeformed. Determine the change in & =200 N
potential energy if the 20 kg disk \

(k;= 0.5 m) rolls 2 revolutions datum .
without slipping. 03m
A) %(200)(1.21)2 + (20)9.81(1.2m sin 30°) 30°

B) - 14(200) (1.27) - (20)9.81(1.27 sin 30°)
@ 14(200)(1.27)2 - (20)9.81(1.27 sin 30°)
D) %(200)(1.2m)>2

2. Determine the kinetic energy of the disk at this instant.
A) (2)(20)(3)* B) 12(20)(0.5%)(10)
@ Answer A + Answer B D) None of the above



GROUP PROBLEM SOLVING

Given: The 30 kg pendulum
has 1ts mass center at G and
a radius of gyration
about point G of k;=0.3 m.

It 1s released from
rest when 6 = 0° The
spring 1s unstretched
when 6 = 0°.

Find: The angular velocity of the pendulum when 6 = 90°.

Plan: Conservative forces and distance (6) leads to the use of
conservation of energy. First, determine the potential energy
and kinetic energy for both positions. Then apply the
conservation of energy equation.



GROUP PROBLEM SOLVING (continued) Solution:

Potential Energy: : 0.6m ‘
Let’s put the datum when 6 = 0°.
There the gravitational potential -~
energy is zero and the elastic
potential energy will be zero. So,

Vgl - Vel =0
Note that the unstretched length of
the spring 1s 0.15 m.

o Datum =

Gravitational potential energy at 8 = 90°:
V,=-30(9.81) (0.35) =-103.0 N-m

Elastic potential energy at 8 = 90° 1s :

V., = 72300 (\/ 0.6+ 0.452 —0.15)*> = 54.0 N-m



GROUP PROBLEM SOLVING (continued)

0.6 m

Kinetic Energy:
_Datum

When 6 = 0°, the pendulum 1s

released from rest.
Thus, T,=0.

0.35 m

When 6 = 90°, the pendulum has a
rotational motion about point O.

T,="15 (0,)
where [, =I5+ m (dy5)? = (30) 0.32+ 30 (0.35)*>= 6.375 kg-m?

T, =% 6.375 (©,)?



GROUP PROBLEM SOLVING (continued)

- -0.6 m -
|
Now, substitute into the o Datum JB
conservation of energy ,\f
equation. \
b
T,+V,=T,+V, - k = 300 N /m

0+0==1%6.375 (0,)>+ (-103 + 54.0)

Solving for ® yields




ATTENTION QUIZ

1. Blocks A and B are released from rest and the
disk turns 2 revolutions. The V, of the system
includes a term for

A) only the 40 kg block
B) only the 80 kg block
C) the disk and both blocks
@ only the two blocks S0 ke

datum

40 kg

2. A slender bar is released from rest while in the horizontal
position. The kinetic energy (T,) of the bar when it has
rotated through 90° 1s?

m
A) Yom (vg,)? B) % I (,)? H

C) %k (s)?-W(L2) (D) %mve,)+ % Ig(0,)
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planar Kinetics
Of d ngld Body
Work and Energy

CHAPTER OBJECTIVES

g To develop formulations for the kineti
‘ ; inetic
define the various ways a force and cOupl‘:nj;g‘xoofk a body, and
rk.

g To apply the principle of work
gy and energy t S
p!anar kinetic problems that involvegs]lcoro solve rlgld—body
displacement. ce, velocity, and

g To show how the conservati
& ation of en
rigid-body planar kinetic problems. ergy can be used to solve

18.1  Kinetic Energy

methods to solve planar
displacement. But first 1t
aining the body’s kinetic
on. rotation about a fixed

In thi

moﬁ()snc;lffbtfr we will apply work and energy

Will be nec ems involving force, velocity, and

Cnergy Wheisfary to develop a means of obt
: he body is subjected to translati

axis, o
, OT e .
general plane motion.
in Fig. 181, which is

0 do th .
representl;:; we will consider the rigid body shown
here by a slab moving in the inertial x-y reference plane. An
Im, 18 Jocated a distance

arbilrar -
¥ ith particle of the body, having a mass ¢ !
hown the particle has a

e P i . ;
vel0City arbitrary point P. If at the instant S 1
o T; = 5 dm ¥

v, : o ot
i» then the particle’s kinetic energy 18 fi = 2



Jation. \.V'hen a rigid body of mass m j '
Trapmear or curvilinear transiation, Fig. 182 :n e:ls g

' : : 5 kinetic ener
© ion is zero,since @ = 0. The kinetic energy of the body is tgge?:fi)zz

(18-3)

qotation about a Fixed Axis.
od axis passing through point O
rmm.’aﬁﬂ"“! and rotational Kinetic ener

When a rigid body rotates about

, Fig. 18-3, the body has both
gy so that

T = %m’u%; + IEIGQ’Tl (18—4)

The body’s kinetic energy mlay also be formulated for this case by noting
lat G =TG- SO that T = 3(Ig + mrg)w”. By the parallel-axis theorem.
the terms inside the parentheses represent the moment of inertia I, of the

body about an axis perpendicular to the plane of motion and passing
through point O. Hence,*

T =l (18-5)

From the derivation, this equation will give the same result as Eq. 184,
since it accounts for both the translational and rotational kinetic energies
of the body.

General Plane Motion. When arigid body is subjected to general
plane motion, Fig. 184, it has an angular velocity @ and its mass center
has a velocity v;. Therefore, the kinetic energy is

= %meZG e %Ic;wz (18-6)

This equation can also be expressed in terms of the body’s motion about
s instantaneous center of zero velocity i.€.,

¥here 1, is the moment of inertia of the body about its fgstlantaneous
“ler. The proof is similar to that of Eq. 18-5. (See Prob.18-1)

"The o - Also the
< milarity between this derivation and that of Mg = T Eh'uu‘;! hf rI}n:zgliﬁ:::lllu:l
e Tesult can be obtained directly from Eg. 18-1by selecting point 7 at &4 ‘

o,

18.1

KINETIC ENERGY

Translation

Fig. 18-2

Rotation About a Fixed Axis

Fig. 18-3

General Plane Motion

Fig. 18-4



Ch 18

Why doesn’t friction do any
work in pure rolling motion
without slipping?

The frictional force that keeps an object rolling without
slipping does no work on the object. How can it? The point
at which it operates is not moving with respect to the
surface. That the velocity of the contact point is identically
zero is the quintessential nature of rolling without slipping.

The rolling friction force do Zero displacementﬂthe contact
point with ground (IC point) at

If the frictional force doesn't do work, what does it do? It is
instead is a constraint force that acts to keep the object

rolling without slipping.

Work is@orce X distancé. In rolling motion, the point of
the wheel in contact with the ground has speed = 0. So
work done by friction = 0 (instantaneously v=0 means
No motion, means no slipping displacement, means
work=0). Same goes for pushing against an immovable
object, the force exists but no displacement, so the work

done = 0.

Work done is the scalar product of the applied force and
the path of the point of application of force.

In pure rolling motion, the point of application of force is
stationary and hence the product comes to zero.

Thus the work done in pure rolling motion is zero.






¢ bar Shown in Fig. 18-11a has a mass of ; .
quple moment of M= S0N-m and 5 forlcikgfa;d:lsgg %ea;(‘i Lo.a
Aways applied perpendicular to the end of the bar. Also t’hw ich is
an unstretched length of 0.5 m and remains in the vertical i
Jue to the roller guide at B. Determine the total work done prSIIItIEn
jorces acting on the bar when it has rotated downward from By: 0: tg

0= 00°.

OLUTION
First the free-body diagram of the bar is drawn in order to account for

all the forces that act on it, Fig. 18-11b.

Weight W. Since the weight 10(9.81)N = 98.IN is displaced
downward 1.5 m, the work is

Uy = 98.1N(1.5m) = 147.2]
Why is the work positive?

Couple Moment M. The couple moment rotates through an angle
of # = 7/2 rad. Hence,

U, = S0N-m(m/2) = 785]

0°the springisstretched (0.75m — 0.5m)

Spring Force F,, Whenf =
the stretch is (2 m + 0.75 m—05m=

=025 m, and when 6 = 90°,
225 m. Thus,

U, = —[ 430 N/m)(2.25 m)* — 530 N/m)(025 my?] = -75.01
negative work on the bar since F acts in

By inspection the spring does
acement. This checks with the result.

the opposite direction to displ
he force is displaced through

Force P. Asthe bar moves downward, t :
k is positive. Why?

adistance of (r/2)(3 m) = 4.712 m. The wor
Uy = 80N@712m) = 377.0)

Pin Reactions, Forces A, and A, do no work since they are not

displaceg,
.tr°ta' Work. The work of all the forces when the bar is displaced is
us
J = 528 ) A

U=14727 + 78.5) — 7501 + 3770

(b)
Fig. 18-11

\
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. WORK AND ENERGY
CHAPTER 18  PLANAR KINETICS OF A RiiD BobY: W

EXAMPLE |18.2 | |

wn in Fig. 18-12a is pin supported at its centey,
through which it must rotate to attain an angyja,
om rest. It is acted upon by a constap
The spring is orginally unstretched apg

The 30-kg disk sho
Determine the angle
velocity of 2 rad/s starting fr
couple moment M = 5 Nm
its cord wraps around the rim 0

k =10N/m

(a)

SOLUTION
Kinetic Energy. Since the disk rotates about a fixed axis, and it is
initially at rest, then

Tl = 0
Ty = 310w} = 5[ 330 ke)0.2 m)?] (2 rad/s)? = 1.2]

Work (Free-Body Diagram).  As shown in Fig. 18-12b, the pin

reactions O, and O, and the weight (294.3 N) do no work, since they
2943 N are not displaced. The couple moment, having a constant magnitude,
does positive work Uy = M8 as the disk rotates through a clockwise
angle of 6 rad, and the spring does negative work U, = —1 ks?,

Principle of Work and Energy.

{r} + {30} = {1}
I} # {Ma 5 5;@2} - (1)

1
{o} + {(5 N+m)6 — 5(10 N/m)[6(0.2 m)]z} = {1271}
—020* +59 - 12 =9
Solving this quadratic equation for the smallest positive root,

6 = 0.2423 rad = 00,2423 rad( 180;) = 13.9° Ans.
7 ra

(b)
Fig. 18-12




18.4 PRINCIPLE OF WORK AND ENERGY

EXAMPLE | 18.3

483

The wheel shown in Fig, 18-134 weighs 20 ke and has a radius of

gyration kg = 0.2 m about its mass center G If it ;

o f it is subj k =150N/m
cl'ock.\msecl COUPIf? moment of 25N +m and rolls froxgug:tm;(ijtligui ;
slipping, determine its angular velocity after its center G moves 0.18

m. The spring has a stiffness k = 150 N i
when the couple moment is applied. s Initiglly-ubstetehed

SOLUTION

Kinetic Energy (Kinematic Diagram).  Since the wheel is initially
at rest,

T1=0

The kiqemgtic diagram of the wheel when it is in the final position is
shown in Fig. 18-13b. The final kinetic energy is determined from

T, = 31w}

1
e 20 kg (0.2 m)? + (20 kg)(0.25 m)? |w}

T, = 1.025 w3

Work (Free-Body Diagram). As shown in Fig. 18-13c, only the
spring force F, and the couple moment do work. The normal force
does not move along its line of action and the frictional force does no
work, since the wheel does not slip as it rolls.

The work of F, is found using Us = 1 ks?. Here the work is negative

| since F, is in the opposite direction to displacement. Since the wheel

does not slip when the center G moves 0.18 m, then the wheel rotates
0 =sg/rguc = 0.18 m/0.25m = 0.72 rad, Fig. 18-13b. Hence, the

spring stretches s = 0r, . = (0.72 rad)(0.5m) = 0.36 m.

Principle of Work and Energy:

(¢)
{r,} + (3U,-,} = {1} Fig. 18-13

(r,} + {M6 - §ks’} = {12}

E {0} + {25 N -m(0.72 rad) ~ %(150 N/m)(0.36 m)z} = {1.025wiN+m}

w, = 2.84 rad/s 0 Ans.




486 CHAPTER 18 PLANAR KINETICS OF A RIGID BoDY: WORK AND ENERGY

EXAMPLE [18.5 ol

wn in Fig. 18-15a is constrained so that its ends

gielzgfgrfhi Sgtrlgoved slot%. The rod is initia.lly at rest when 6 = (e,

If the slider block at B is acted upon by a horizontal _force P = 50N,

A determine the angular velocity of the rod at the instant 6 = 45°,
Neglect friction and the mass of blocks A and B.

SOLUTION hi
Why can the principle of work and energy be used to solve this problem?
ms). Two kinematic diagrams of

the rod, when it is in the initial position 1 and final position 2, are

= shown in Fig, 18-15b. When the rod is in position 1, 7; = 0 since
(vo); = @, = 0. In position 2 the angular velocity 1s @, and the

velocity of the mass center is (vg),. Hence, the kinetic energy is

Kinetic Energy (Kinematic Diagra

T, = im(ve) + 31gw3
= 110 kg)(wg)3 + 3[15(10 kg)(0.8 m)? |3
= 5(ve)} + 0.2667(w,)*

The two unknowns (vg), and w, can be related from the instantaneous
(Va): center of zero velocity for the rod. Fig. 18-15b. It is seen that as A
: Ic moves downward with a velocity (v,),, B moves horizontally to the
/ 724 left with a velocity (vg),, Knowing these directions, the IC is located as
W) TGjic
© (7 45° >

shown in the figure. Hence,
(‘Ug)z = rgﬂcwz = (04 tan 45° ITI)(DZ

450 K 04 m
/ VG)Z = 04(1)2
(Va) F Therefore,
/ 4
B\/O m T, = 0.8w3 + 0.2667w} = 1.0667w3
@ Of course, we can also determine this result using 7, = 3 L.
b . .
(b) Work (Free-Body Dlagram!. Fig. 18-15¢. The normal forces N,
afld Nj do no work as the rod is displaced. Why? The 98.1-N weight is

/\ A N, displaced a vertical distance of Ay = (0.4 — 0.4 cos 45°) m; whereas

the 50-N force moves a horizontal distance of s = (0.8 sin 45°) m.
Both of these forces do positive work, Why?

Principle of Work and Energy.
{r :
0.4 cos 45°) m b+ {20} = (1)

| {n} + {way + ps) = (1)
N’fo,g sin 45°) m— {0} + {98.1N©4m ~ 0.4 cos 45° m) + 50 N(0.8 sin 45 m)}
B (c) Solving for w, gives = Ll
Fig. 18-15 @ = 6.11rad/s) Ans.

gmm—
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The 10-Kg rod AB shown in Fjg 18-18q ; .
move in the horizontal and vert%cal sllSa 0 Conﬁ-md PO 10 emot

g = 30° Neglect the mass of the sliderro‘;llcizkrseleased s

SOLUTION

Potential Energy. The two diagrams

g . . of the ro i 3

its initial and final positions, are shown in Fig 1£1§2 e’i"]hl; :isalt(l)x?ltid aci

itati . A . ,use

to measure the gravitational potential energy, is placed in li b th

rod when § = 0°. ’ ine with the
Whenhtht; rod is in .positior.l 1,. the center of gravity G is located

below the datum so its gravitational potential energy is negative.

Furthclar_more, (positive) elastic potential energy is stored in the spring
since it is stretched a distance of s; = (0.4 sin 30°) m. Thus )

y;=(0.2sin 30°) m
V, = —Wy + 3kst

Datum

= —(98.1 N)(0.2 sin 30° m) + 4(800 N/m)(0.4 sin 30° m)> = 6.19J 5= (0.4 sin 30°) m

When the rod is in position 2, the potential energy of the rod is zero,
since the center of gravity G is located at the datum, and the spring is
unstretched, s, = 0. Thus,

V2:0

Kinetic Energy. The rod is released from rest from position 1, thus
(vg); = @, = 0, and so

Tl =0
In position 2, the angular velocity is w, and the rod’s mass center has
a velocity of (vg),. Thus,
T, = sm(vg); + 316w}

= (10 kg)(wg) + 1 5(10kg)(04 m)? | w3

Using kinematics, (v5) can be related to @ as shown in Fig. 18-18c. At
g atics, (Vg) ter of zero velocity (IC) for

the instant considered, the instantaneous cenl C)!1
the rod is at point A; hence, (wg)2 = rGcw2r = (O.% m)azxz. Substituting
into the above expression and simplifying (or using 2/cw3), We get

T, = 0.2667w}

Conservation of Energy.
{1} + {n} = (B} + (%)
{0} + {6191} = {0.266703} + {0}
w, = 4.82 rad/s 9 Ans.

(<)

Fig. 18-18
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EXAMPLE | 18.7

The wheel shown in Fig. 18-19a has a weight of 15 kg and a radius of
gyration of ki = 0.2 m. It is attached to a spring which has a stiffness
k = 30 N/m and an unstretched length of 0.3 m.If tl_le C?lSk is releas_ed
from rest in the position shown and rolls without slipping, determine
its angular velocity at the instant G moves 0.9 m to the left.

SOLUTION

Potential Energy. Two diagrams of the wheel, w.her_l it is at the initial
and final positions, are shown in Fig. 18-19b. A gravitational datum is not
needed here since the weight is not displaC‘z\ﬂ?@_‘f'fiﬁaulf-—F rom the problem
geometry the spring is stretched s; = ( 0.9 + 1.2% - 0.3) ='1.2 m
in the initial position, and stretched s, = (1.2 — 0.3) " 0.9m in the
final position. Hence, the positive spring potential energy is

Kinetic Energy. The disk is released from rest and so (vg);, = 0,
w, = 0. Therefore,

T1=O

Since the instantaneous center of zero velocity is at the ground, Fig. 18-19c,
we have

| @ E & 1

\ 15098)N /] \} T, = Ez,cwg

1
= 7| (15kg)(0:2 m)* + (15 kg)(0.225 m)z]w%
= 0.6797w}

Conservation of Energy.
{7} + {n} = {B)} + {v,}
{0} + {206N-m} = {0.67973} + {1215N-m}
wy = 3.73rad/s"

Ans.

NOTE: If the principle of work and energy were used to solve this
problem, then the work of the spring would have to be determined

(@ by considering both the change in magnitude and direction of the
spring force.

Fig, 18-19
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exAMPLE | 18:8 | . ,

Th_e 10-kg homogeneous disk shown in Fig. 18-204 is attached to a
unlfOI'n: 5-kg rosi AB. If the assembly is released from rest when
g = 60°, determine the angular velocity of the rod when § = 0°

Assume that the disk rolls without slippin N '
guide and the mass of the collar at B.PP g Neglect friction along the

SOLUTION

Potential Energy. Two diagrams for the rod and disk. when they
are located at their initial and final positions, are shown in,Fig 18-20b
For convenience the datum passes through point A. : -

When the system is in position 1, only the rod’s weight has positive
potential energy. Thus,

Vi = Wy, = (49.05 N)(0.3sin 60° m) = 12.74J (a)

When the system is in position 2, both the weight of the rod and the
weight of the disk have zero potential energy. Why? Thus,

y1 = (0.3 sin 60°) m
V2 =0

Kinetic Energy. Since the entire system is at rest at the initial position,

T1:0

In the final position the rod has an angular velocity (w,), and its mass
center has a velocity (v),, Fig. 18-20c. Since the rod is fully extended
in this position, the disk is momentarily at rest, so (wz); = 0 and
(vy), = 0. For the rod (vg), can be related to (w,), from the
instantaneous center of zero velocity, which is located at point A,

Fig 18-20c. HeIlCC, (’Uc)z = rG/IC(wr)Z or ('Uc;)z == 0.3((1),)2. ThllS,

1 1 1 e
Ty = Smvg} + 5 lgloph + 5mava ¥ 3l |
1 11 o 1 b3
= 5(5 kg)[(0.3 m) (@) + 5[5(5 kg)(0.6 m) jl(wr)Z + 0+ 0
= 0.3(w,)3 e %
G/IC W, )y
Conservation of Energy. (@g)2 =0 (' C\ / - il
(1} + (W} = {7} + (W) S (l )7* -
VG
{0} + {12743} = {03(@)3} + {o} 2
(@,), = 6.52rad/sd Ans. (©)

NOTE: We can also determine the final kinetic energy the rod using
T, =1 2
2 21’(“”2-

Sl
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. FUNDAMENTAL PROBLEMS

F18-1. The 80-kg wheel has a radius of gyration about its
mass center O of ko = 400 mm. Determine its angular
velocity after it has rotated 20 revolutions starting from rest.

position.

CHAPTER 18 PLANAR KINETICS OF

.6 m

0

A Ricip Bopy: WORK AND ENE

Prob. F18-1

F18-2. The uniform 25-kg slender rod is subjected to a
couple moment of M = 150 N - m. If the rod is at rest when
6 = 0°, determine its angular velocity when 8 = 90°.

Prob. F18-2

F18-3. The uniform 50-kg slender rod is at rest in the
position shown when P = 600 N is applied. Determine the
angular velocity of the rod when the rod reaches the vertical

Prob. F18-3

RGY

ected to a force of 50 N. If

Ihe 50-kg wheel i ; o :
gtlmeeil:tl:rts frogm rest and rolls without slipping, determine
city after it

tion of the whee

has rotated 10 revolutions.

its angular velo | about its mass center G

The radius of gyra
is kG = (0.3 m.

Prob. F18—4

F18-5. If the uniform 30-kg slender rod starts from rest at
the position shown, determine its angular velocity after it
has rotated 4 revolutions. The forces remain perpendicular

to the rod.

30N
0.5 me.Sma 15 10.5m|

20N

Prob. F18-5

F18-6. The 20-kg wheel has a radius of gyration about its
center G of kg = 300 mm. When it is subjected to a couple
mhoment of M = 50 N m, it rolls without slipping. Determine
the angular velocity of the wheel after its mass center G has
traveled through a distance of 56 = 20 m, starting from rest

0.4 m

M =50 N-m

Prob. F18-6
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. FUNDAMENTAL PROBLEMS

F18-7. If the 30-kg disk is released from rest when 6 = 0°,
determine its angular velocity when § = 90°.

F18-10. The 30-kg rod is released from rgst :2:;109::980_
Deterrr;ine the angular velocity of the rod W )

The spring is unstretched when

g = 0°

Prob. F18-7
F18-8. The 50-kg reel has a radius of gyration about its Prob. F18-10
center O of kp = 300 mm. If it is released from rest — 450
; i st when 6 = 45°.
determine its angular velocity when its center O has traveled F18-11. The 30-kg rod is re!eased from c;’e fem B = 07, The
6 m down the smooth inclined plane. Determine the angular velocity of Ehe TOLL W. :
spring is unstretched when § = 45°.

k=300 N/m
Prob. F18-11
Prob. F18-8 F18-12. The 20-kg rod is released from rest when 6 = 0°.
Determine its angular velocity when 6 = 90°. The spring

F18-9. The 60-kg rod OA is released from rest when has an unstretched length of 0.5 m.

6 = 0°. Determine its angular velocity when 0 = 45°, The ’m \_1
spring remains vertical during the motion and is unstretched 1

when 8 = 0°

5 HME e
g Y

Prob. F18-9 Prob. F18-12
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F18-1.

F18-2.

F18-3.

lo = mk}, BO(0.47) = 12.8 kg o m?
Ty =0

Ty = {1’ = § (12.8)w? = 6.40?
= 0r = 202m)(0.6) = 247 m
nh+XU,=1,

0+ S024m) = 6.40°

w = 243 rad/s Ans.
Ty=0
Ty = im(vg)i + $lgw}
= 1(25 kg)(0.75w,)*
+3[ 1 (25kg)(1.5 m)? |wj
Ty = 11.71903
Or,
lo = tmlP = {(25kg)(1.5 m)?
= 18.75 kg - m?
So that
T, = Y10} = § (18.75 kg - m?)w}
= 9.375w}
T)+ 32U, =T,

Ty + [-Wyg + Mo) = T,
0 + [=(25(9.81 N)(0.75 m)) + (150N - m)(3) ]
= 9.375w,”
wy = 2.35rad/s o

(V6)2 = wargyc = wy(2.5)

Ig = sml® = $5(50)(5%) = 104.17 kg + m?

T, =0

T, = im(ve) + }lgw}

= 1(50)[@3(2.5) |? + §(104.17)0} = 208.33w}

Up = Psp = 600(3) = 1800

Uy = —Wh = =50(9.81)(2.5 — 2) = —245.25)
Ty + 32U, =T,

0 + 1800 + (—245.25) = 208.33w}3

wy = 2.732rad/s = 2.73rad/s Ans.
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F18-5.

F18-6.

F18-7.

T = smvg + 5w’
= 1 (50 kg)0.4w)* + } [50 kg(0.3 m)*]w?
= 6.250°]

Or,

T= %I,sz
= 5[50 kg(0.3 m)? + 50 kg(0.4 m)’ |w?
= 6.250%]

s¢ = 0r = 1027 rad) (0.4 m) = 87 m
T +3IU,,=T,

T, + Pcos30°s; =T,

0 + (50 N)cos 30°(87 m) = 6.25w?)
@ = 132rad/s

= 1 30)[@(0.5)F + ! (22.5)0? = 150°
Or,
Iop = Ig + md® = £5(30)(3?) + 30(0.5?)
= 30 kg-m’

T; = }How' = ;(30)0? = 150°
5, = 6r; = 8m(0.5) = 47 m
55 =0, = 8m(1.5) = 27 m
Up, = Pis; = 30(4w) = 1207 ]
Up, = Pys; = 20(12) = 2407 ]
Uy = M6 = 20[4(2m)] = 1607 ]
Uy = (0 bar returns to same position)
n+3 =T
0 + 1207 + 2407 + 1607 = 1507
w = 1044 rad/s = 104 rad/s
v = wr = w(0.4)
I = mk% = 20(0.3%) = 1.8 kg-m’
7, =0
Ty = jmug + How’
= 120)[(0.9)]* + $(1.8)’
= 2.5¢°
Uy = M = M(2) = 50(33) = 25001
Iy + 23U, =T,
0 + 2500 = 2.50*
@ = 31.62rad/s = 31.6rad/s
v = wr = w(0.3)
I = 3mr = }(30)(0.3?) = 1.35kg - m?
T, =0

T2 = %m(v(;)% + %[GO)%
= 130)[wy0.3))* + 3(1.35)w} = 2.0250}

(V)i =Wy =0
(V)2 = —Wy, = —30(9.81)(03) = —88.29J
T,+V,=Ty+ V¥,

0+ 0 = 2.025w3 + (—88.29)

w, = 6.603 rad/s = 6.60 rad/s Ans.

F18-8. Vo = Wrg/nc = (1)(02)
lp = mk3 = 50(0.3?) = 4.5 kg - m’

=20

Ans.
I, = %m(vo)% + QI'IO“’%
= 1(50)[w(0.2)]* + 3 (4.5)w3
= 3.25w3
(Vg)l =Wy =0
(V)2 = —Wy, = —50(9.81)(6 sin 30°)
= —1471.5J
T, +V,=T +V,
0 + 0 = 3250} + (—1471.5)
w; = 21.28 rad/s = 21.3 rad/s
F18-9. v; = wrg = w(1.5)
I = 15(60)(3?) = 45 kg - m?
Ty =0
Ty = 3m(Vg) + 3lw}
= 3(60)[wy(1.5))> + 1 (45)w?
Ans. - 90'”%
Or,
Ty = ylowi = 5 [45 + 60(1.5?)]w} = 90w}
(Ve)i = wy, =0
(Ve)2 = =Wy, = —60(9.81)(1.5 sin 45°)
= —624.30]
(Ve)l =5 %ks% = 0
(Ve)2 = bksd = 1(150)(3 sin 45°)2 = 337.5 ]
+Vi=T+V,
0 + 0 = 90w} + [-624.30 + 337.5]
S @; = 1.785rad/s = 1.79 rad/s

F18-10. vg = wrg = w(0.75)
I = 15 (30)(1.5?) = 5.625 kg~ m?
T| =

Ans.



F18-11.

F18-12,

Ty = 3m©e) + } 1w}
= 1 30)[w(0.75))* + 1 (5.625)0 =

11.2503
Or,
Ty = Howi = 15625 + 30(0.75)] 2
= 11.25w}
(Vg)l &y w\‘l = ()
(Ve)a = =Wy, = =3009.81)0.75)
= -220.725 ]

(V) =4kt =0
(Vo = 3ksd = 180 V2 + 1.5 - 05)2 = 160
Ti+Vi=T+V,
0+ 0= 11253 + (~220.725 + 160)
w; = 2.323rad/s = 2.32rad/s Ans.

(v6h = wrg e = wy(0.75)
Ig = 530)(1.5%) = 5.625 kg - m?

), = Wy, = 30(9.81)(0.75 sin 45°) = 156.08 J
(Vx)l =-Wn=0
(V) =%si=0
(V.), = Lks? = }(300)(1.5 — 1.5 cos 45°)
28.95)

T,+V,=T,+V
0 + (156.08 + 0) = 11.2503 + (0 + 28.95)

@y = 3.362rad/s = 3.36 rad/s Ans.
(V) = =Wy, = —[2009.8) NJ(I m) = —196.2
(Vg)z =0
(Vo = Sksi 3
= X100 N/m)(\/(E m)? + (2m)* — 0.5 m)
= 482.22]
(V,), = Lkt = 1(100 N/m)(1 m — 05 m)?
= 1257
T,=0
T, = ! Lw? = 1 [1(20ke)2 m)* |’
= 13.3333w’

TI + Vl = T2 + V2
0+ [—196.2] + 482.22]]
— 1333333 + [0 + 125]]

Gy = 4.53 fad/s

Ans.



514 CHAPTER 18 PLANAR KINETICS OF A RIGID BODY: WORK AND ENERGY

- REVIEW PROBLEMS

R18-1. The pendulum of the Charpy impact machine has
a mass of 50 kg and a radius of gyration of &, = 1.75 m. If it
is released from rest when 6 = (0°, determine its angular
velocity just before it strikes the specimen S, 6 = 90°

Prob. R18-1

R18-2. The 50-kg flywheel has a radius of gyration of
ko = 200 mm about its center of mass. If it is subjected 'to a
torque of M = (98'2 + 1) N-m, where 6 is in radians,
determine its angular velocity when it has rotated
5 revolutions, starting from rest.

M= (9" +1)Nm

Prob. R18-2

R18-3. The drum has a mass of 50 kg and a r‘adnus of
gyration about the pin at O of ko = 0.23 m..(Sju:ru:g"f;om
rest, the suspended 15-kg block B 1s aliows tho a d";
without applying the brake ACD. l‘)c‘termmc. e s;;e_e‘ 0
the block at this instant. If the coefficient of kinetic friction
at the brake pad C is py = 03, determine !!u: oche: b At
must be applied at the brake handle which will lhep stop the
block after it descends another 3m. Neglect the thickness of

the handle.

Prob. R18-3

R18-4. The spool has a mass of 60 kg and a radius of
gyration of k; = 0.3 m. If it is released from rest, determine
how far its center descends down the smooth plane before it
attains an angular velocity of w = 6 rad/s. Neglect the mass
of the cord which is wound around the central core. The
coefficient of kinetic friction between the spool and plane
at Ais u,=0.2.

Prob. R18—4



r rack has a mas
g-5. The gea ass of 6 kg,
a::h have a mass of 4 kg and a radiusg and the gearg
¢ 30 mm at their centers. If the rack is ori

, =

ing ;
owﬂward at 2m/s, when s = 0, determine ; ginally Moving

he speed of the

s =600 mm. The gears are free 1o 1y abou
gt to turn i
L nte:'shena ‘ t their
50 mm

Prob. R18-5

RI8-6. At the instant shown, the 25-kg bar rotates
clockwise at 2 rad/s. The spring attached to its end always
remains vertical due to the roller guide at C.If the spring has
an unstretched length of 1 m and a stiffness of k=90 N/m,
determine the angular velocity of the bar the instant it has

rotated 30° clockwise.
C
k

2
| [

=

Prob. R18-6

ReVIEW PROBLEMS 515

RI8-7. The system consists of a 10-kg disk A, 2-kg slender
rod BC, and a 0.5-kg smooth collar C. If the disk rolls
without slipping, determine the velocity of the collar at the
instant the rod becomes horizontal, i.e., 8 = 0°. The system
is released from rest when 6 = 45°.

Prob. R18-7

R18-8. At the instant the spring becomes undeformed,
the center of the 40-kg disk has a speed of 4 m/s. From this
point determine the distance d the disk moves down the
plane before momentarily stopping. The disk rolls without

slipping.

Prob. R18-8



-
R1B-<
. 10m
LY Uy~ [Md()= [ (96'2 + 1)do
W S J 0
4 i N . 107
,17-0'2' pas mhactiid.
O 0
’ = 1087.93 ]

Principle of Work and Energy:
T+ XU, =T,
0+ 108793 = mh2
@ = 33.0rad/s Ans.
R18-3. Before braking:
TW+ XU, =T,

0 + 15(9.81)(3) = %(15)1,;, & %[50(0_23)2](_@_)2

0.15
vy = 2.58m/s Ans.
S _ 5S¢

0.15 025

Set s = 3 m, then s¢c = S m.
h+3Uh4=0
0 — F5) + 15(9.81)6) =0

F=1766N
176.6
N = -65— = 3532 N
Brake arm:
C+ZM, =0 —353.2(0.5) + P(1.25) =0
P= 141N Ans.
SG SA
il 03 (05— 03)
sy = 0.6667sG
+N\IF, =0 N, — 60(9.81) cos 30°=0
. N, = 5097N

T{ + 2U|_2 = TZ
0 + 60(9.81) sin 30%(sg) — 0.2(509.7)(0.666750)

= -;-[60(0.3)2](6)2

+ 20 IO
s¢ = 0.859 m

Ans.

s = 600 mm, both gears rotate with an angular

velocity of w, = 6%5 where v, is the speed of the

rack at that moment.

%(6)(2)2 + 2{]5[4(0.03)2](40)2} +0

il 21 2 2} — 6(9.81)(0.6)
= {2[4(0.03) ](0’05) (9.81)(

v, = 346 m/s Ans.
R18-6. Datum through A.
T,+V, =T+ V2
l[1(25)(3)2](2)2 + Lone -1y
23 2
_ 41 AP 2
= 5[5(25)(3) ](w) + 5(90)(3-5 - 1)
= 25(9.81)(1.5 sin 30°)
w = 1.61rad/s Ans.
R18-7. T, +V, =T, +V;
At = 0°, v = 0and wgc = V¢
0 + [2(9.81)(0.5 sin 45°) + [0.5(9.81)](1 sin 45°)
- %[%(2)(12)]1;3 + %_—(0.5)1% +0
ve=422m/s Ans.
R18-8. Datum at lowest point.
T, +V, =T +V,
2
—;-[%(40)(0.3)2](%) + %(40)(4)2
+ 40(9.81)d sin 30° = 0 + %(200)(12
1004 — 196.2d — 480 = 0
Solving for the positive root,
d=338m Ans.
Chapter 19

RI-L I = mk} = 75(0375%) = 10547 kg~ m’

L]
Iow; + 2/ Modf = [y,
h

Originally, both gears are

3s
angular  velocity of 0+ (501)(0.3) dt = 10.547w,

0
3s

= 1054702

0
w, = 1.68 rad/s Ans.

R18-5. Conservation of Energy:
rotating ~ with  an

— 40 rad/s. After the rack has traveled 3

_ 2
@1~ 0,05



18-2.

The wheel is made from a 5-kg thin ring and two 2-k

slender rods. If the torsional spring attached to the wl Ig
center has a stiffness A = 2 N+m/rad. and the wh “: Ly
mmtcd‘ until the torque M = 25N-«m s LlL‘\'Cl:L“T
c_jcicrmmc the maximum angular velocity of {I : wi 5 it
is released from rest. ’ i whseL 1L

SOLUTION

Kinetic E y ork: The st o . ;
¢ Energy and Work: The mass moment of inertia of the wheel about point (21

— 2 l )
]“ = mpgr- + 2([;‘2 mlj‘)

& 1 >
= 5(0.5°) + 2[-& (2)(1-)}
= 1.5833 kg m’
Thus. the kinetic energy of the wheel 1

1 e .
T= 3 Ipw = 2 (1.5833) > = 0.79167 W’

, = 0.The torque developedis M = k8 = 26.

Since the wheel is released from rest, T
atorque of M = 25 N-mis

Here. the angle of rotation needed to develop
20 = 25 6 = 12.5rad

The wheel achieves its maximum angular velocity when the spacing is unwound that

is when the wheel has rotated 8 = 12.5 rad. Thus, the work done by 3 s

12.5 rad
Uy = / Mdb / 20 do
JO

12.5 rad

6’ = 156.25)

i

il

Principle of Work and Energy:

T, + Uy = T,
0 + 15625 = 0.79167 o’
w = 14,0 rad/s Ans.




18-5.

A force of P = 20 N is applied to the cable, which causes
the 175-kg reel to turn since it is resting on the two rollers
A and B of the dispenser. Determine the angular velocity of
the reel after it has made two revolutions starting from rest.
Neglect the mass of the rollers and the mass of the cable.
The radius of gyration of the reel about its center axis is

kg = 042 m,
=400 mm—
SOLUTION
Al ? 175 (4.30ON

1 3

0 + 20(2)(27)(0.250) = 5[ 175(0.42)° |’
ag.150mMm

Ans.

w = 2.02rad/s




*18-8.

The double pulley consists of two parts that are attached 10
one anm‘her. It has a weight of 50 Ib and a centroidal radius
of gyration of kyp = 0.6t and is turning with an angular
veloql_\- of 20 rad/s clockwise. Determine the angular
velocity of the pulley at the instant the 20-Ib weight moves
2 ft downward.

SOLUTION

Kinetic Energy and Work: Since the pulley rotates about a fixed axis,
va = wry = w(1)and vy = wry = (0.5). The mass moment of inertia of the

: : ? 50 > .
pulley about point O is Iy = mko™ = (?‘_;—2)(().6‘) = (.5590 slug - ft>. Thus, the

kinetic energy of the system is

1

2

' 2 4.2 g Af A 2
5(0.5590)(.9 - 5(32_2){w(|)] + 2(32.2)[19(0.5)]

L}
l 2 I -
T lo\w2 + 2 mav t oo mply

= 0.70650°

Thus. T, = 0.7065(20%) = 282.61 ft - Ib. Referring to the FBD of the system shown
in Fig. a. we notice that O, 0,,and W, dono work while W , does positive work and
W, does negative work. When A moves 2 [t downward, the pulley rotates

_Sa_ 5

T4 g

2 S

1 05
Sy =205) =11t
Thus, the work of W4 and Wy are
Uw, = WaSa = 202) = 40ft-1b
Uy, = ~WgSy = =30(1) = =30 ft-1b
Principle of Work and Energy:
Ti+Uia=T,
282,61 + [40 + (~30)] = 0.7065 ¢’

w = 204 rad/s Ans,

w = 20 I'HI‘J /S

&

B| 301b

W,;=301b
(a)

Al 201b

W,=201b



18-10.

The spool has a mass of 40 kg and a radius of gyration of
ko = (}-.3 m. It the 10-kg block is released from rest
determine the distance the block must fall in order for Ih{;
:.spunl o ha-\m an angular velocity @ = 15 rad /s, Also, what
i1s the tension in the cord while the block is in mtinlinn"
Neglect the mass of the cord. |

SOLUTION

Kinetic Energy. Since the system is released from rest, 7, = 0. The final velocity
of the block IS 0 = or = 15(0.3) = 4.50 m/s. The mass moment of inertia of the
spool about O is I, = mk{ = 40(0.3%) = 3.60 Kg-m’. Thus

o o .
?'_! == '5’[](!1- + 5"3’,\'}3

%(3.6{1)(153) + ,',—un)(4.su'-’)
= 506.25)
2 I
For the block, 7, = Oand 7, = %m,,vj, = E(I(J)(4.5{Jz) = 101.25]

Work. Referring to the FBD of the system Fig.a, only W, does work when the block
displaces s vertically downward, which it is positive.

Uy, = Wps = 10(9.81)s = 98.1 s
Referring to the FBD of the block. Fig. b. W,, does positive work while T does
negative work.

U"r' = ~T§
Uy, = Wis = 10(9.81)(s) = 98.1's

Principle of Work and Energy. For the system,

TI + SU]-; & T_)

0 + 98.1s = 506.25

s = 5.1606m = 516 m Ans.
For the block using the result of 5,
h+¥,,=T
0 + 98.1(5.1606) — T(5.1606) = 101.25

T = 7848N = 785N Ans,

- /

3K mm; 0

Lo

W=40(9.80N
aim

Wr 10(9-81) N
(&)

T

W, =10( 781
(b)



18-13.

The 10-kg uniform slender rod is suspended at rest when
the force of F = 150 N 1s applied 10 its end. Determine the
angular velocity of the rod when it has rotated 90 clockwise
from the position shown. The force is always perpendicular
to the rod.

SOLUTION

Kimetic Energy. Since the rod starts from rest, 7, = 0. The mass moment of inertia

of the rod about O s 1, - :.,(“HU’) +10(1.5%) = 30.0kgm’. Thus,

1, 1 , 2
To= Sl = 5 300" = 150

Work. Relerring 1o the FBD of the rod, Fig. a. when the rod undergoes an angular
displacement 8, force F does positive work whercas W does negative work. When

" § " in
=0 5% =1l5Smand §; = #r = (; (3) = - m. Thus

3
Uy = 15«(%’) = 25x )
Un = —10(981)(1.5) = —147.15]
Principle of Work and Energy.
T; + }:‘.‘;_: = T:
0 + 257 + (—147.15) = 1507

@ = 61085 rad/s = 6.11 rad /s Abb.

wW=10(9-80N A“#

F=150N

am

0



18-15.

The pendulum consists of a 10-kg uniform disk and a 3-kg
uniform slender rod. If it is released from rest in the position
shown, determine its angular velocity when it rotates
clockwise 907,

M=30N-m

—-2m —

SOLUTION

l\.inﬂic Energy. Since the assembly is released from rest, initially,
T, = 0. The mass moment of inertia of the assembly about A is

‘ " o) ] 2] 2
Ih = [‘13(3)(2-} + 3( l')} + [;',(10;(0.4-) +10(2.4%) | = 62.4 kg m’. Thus,

51 I 2 1 2 >
?: == Elﬂw_ - -2'(62.4)(1’_ = 312w

Work. Referring to the FBD of the assembly, Fig. a. Both W, and W, do positive
work, since they displace vertically downward §, = I'm and §; = 2.4 m,respectively.
Also, couple moment M does positive work

Uy = W,S, = 3(9.81)(1) = 29.43 ]
Uw, = WiS; = 10(9.81)(2.4) = 235.44]

Uy = M6 = 30(—2’5) = 157

Principle of Work and Energy.
hH+iUa=0h

i

0+ 2943 + 23544 + 157 = 31.2

@ = 3.1622 rad/s

Il

3.16rad/s Ank

Aot

W,.=3(9.8UN

WdF/O@-ﬁ/)l\’



*18-60.

The pendulum consists of a O0-kg slender rod fixed 1o a 15-kg
disk. If the spring has an unstretched length of 0.2 m,
deternine the angular velocity of the pendulum when it is
released from rest and rotates clockwise 90° from the
position shown. The roller at C allows the spring to always
remain vertical,

SOLUTION

Kinetic Energy. The mass moment of inertia of the pendulum about B is

| . E . . )
Iy = —f-,(n)(l-‘) 4 n(u.s)} t [;(ls)um-) 4 15(|.3-)} = 28.025 kg m”, Thus

T = %l,;m: =

“

Since the pendulum is released from rest, 7) = 0.

| X i
-2(28])25) o = 14,0125 o

Potential Energy. with reference to the datum set in Fig. a, the gravitational potential

energies of the pendulum when it is at positions 1 and 2 are

(Vo = mg(y,), + mg(vy), = 0

(Vu)f

'"rg(,":)f * "’Jfg(.vn'}z

6(9.81)(—0.5) + 15(9.81)(—1.3)

I

-220.7251]

The stretch of the spring when the pendulum is at positions
Dand 2 are

05-02=03m

Ii

Xy

»n=1-02=08m

Thus, the initial and final elastic potential energies of the
spring are

(V) = Ql-kr} = %(2()0)({).33) = 9.00)

2

(V.), = ;kx'_i ;(2()())(0.8") = 64.0)

Conservation of Energy.
hi+Vi=T +V,
0+ (0 + 9.00) = 14.0125«" + (-220.725) + 64.0
w = 34390 rad/s = 344 rad/s

-
A HE
! b4

0.5m 2 k= 200N/m

B A

J— 0.5m -+[-( -

).3m

Datim___
@" ).v

Ans,

24




ETRU

The center O of the thin ring of mass i is given an angular
velocity of wy,. If the ring rolls without slipping, determine

. its angular velocity after it has traveled a distance of s down
the plane. Neglect its thickness,

SOLUTION
T\ +3U,=T,

o ol 5 2 , 1 3 5, 3
2(nu tomr)wy” + mg(ssing) = S(mr® + e Yo

Y T
W = \/ wy" + S ssind Ans.
/ p

- > oo < Pame i TS TRz
The 30-kg disk is originally at rest, and the spring is
unstretched. A couple moment M = 80N-m is then

applied to the disk as shown. Determine how far the center

of mass of the disk travels along the plane before it
momentarily stops. The disk rolls without slipping.

N

M=80N-m

SOLUTION

Kinetic Energy. Since the disk is at rest initially and required to stop finally,
Tg = Tg_ = 0.

Work. Since the disk rolls without slipping, the friction F; does no work. Also, when
. S¢ _ S
the center of the disk moves sg;, the disk rotates 8 = *:- =05

moment M does positive work whereas the spring force does negative work.

= 2 5¢. Here, couple

UM

Mo = 80(2sg) = 160 s,

1 3
l]‘l.“P = —-;—k.rz = —5(2()())5” = =100 ,s'f,»

Principle of Work and Energy.
h+3U,=T,

0+ 160s; + (-100s,) = 0

I

0

i

160 5., — 100 5%,
s (160 = 100 5,) = 0

Since 5., # 0, then
160 ~ 1005, = 0

S, = 1.60m

Ans.




1847

The 40-kg wheel has a radius of gyration about its center of
gravity G of ki = 250 mm. If it rolls without slipping,
determine its angular velocity when it has rotated clockwise
90° from the position shown. The spring AB has a stiffness
k = 100 N/m and an unstretched length of 500 mm. The
wheel is released from rest.

SOLUTION

i
200 mm

!

200 mm

|

400 mm

|

L 1500 mm -

k = 100 N/m

Kinetic Energy. The mass moment of inertia of the wheel about its center of mass
G is I; = mki; = 40(0.25%) = 2.50 kg+m’, since the wheel rolls without slipping,

P(i = (l)r(, = w(().4).ThUS

1 W B
T=clga' + -muy

- -

P | 5 ;
= 5(2.5())1;)‘ + 5(4())[(0(0.4)]' =445 w
Since the wheel is released from rest, Ty = 0.

Potential Energy. When the wheel rotates 90° clockwise from position @
. ™

to 2, Fig. a, its mass center displaces S; = frg = 7(().4) = (.27 m. Then

v =15 - 02 — 027 = 0.6717 m. The stretches of the spring when the wheel is

at positions " and 2 are
x =150 -05=100m

» = V067172 + 022 — 0.5 = 0.2008 m

Thus. the initial and final elastic potential energies are

| | .
AT Ekr% = 5{100)&) =50)
) f.. 5 A ah
(V.), = Ekr% = E(IU())(().Z(N)b ) = 2.0165]

Conservation of Energy.
L+W=T+V
0 + 50 = 4450 + 2.0165
w = 32837 rad/s = 3.28 rad/s

Ans.




*18-20.

If P = 200N and the 15-kg uniform slender rod starts from
rest at = 0°. determine the rod's angular velocity at the
instant just before 6 = 45°.

SOLUTION

Kinetic Energy and Work: Referring to Fig. a,

0.6 tan 45° = 0.66m

il

Faic

rore = V03 + 065 = 06708 m

Thus,
(v6)2 = warGrc = w(0.6708)

The mass moment of inertia of the rod about its mass center is /g

1 b ] - . .
=12 (15)(0.6°) = 0.45 kg~ m?Z. Thus, the final kinetic energy 1s

1 5 | 5
T_‘g Ef"( ”G)E- + E 1(,'(1)_':'

it

% (15)[w-(0.6708))° + % (0.45) @,

= 3.6&)32

= (. Referring to Fig. b. N,y and N do no work,
while P does positive work and W does negative work. When 6 = 45°, P displaces
through a horizontal distance sp = 0.6m and W displaces vertically upwards
through a distance of /i = 0.3 sin 45°, Fig. ¢. Thus, the work done by P and Wis

Since the rod is initially at rest, 7

L;’I = PSP - 2(){)(“6) == lZUJ

Uy = —Wh = —15(9.81)(0.3 sin 45°) = —31.22)

Principle of Work and Energy:
T)+ 2Uj-a =T,
0+ [120 = 31.22] = 3.6w,°

w, = 4.97 rad/s Ans,

600 mm

P=200N

W=15(9.81)N

(b

P=200N




*18-28.

The 10-kg rod AB is pin-connected at A and subjected to
a couple moment of M = 15 N-m. If the rod is released
from rest when the spring is unstretched at 6 = 30°,
determine the rod’s angular velocity at the instant 6 = 60°.
As the rod rotates, the spring always remains horizontal,
because of the roller support at C.

SOLUTION

Free Body Diagram: The spring force F,, does negative work since it acts in the
opposite direction to that of its displacement Sype whereas the weight of the
cylinder acts in the same direction of its displacement s, and hence does positive
work. Also, the couple moment M does positive work as it acts in the same
direction of its angular displacement 6. The reactions A _and A, do no work since
point A does not displace. Here, s,, = (.75 sin 60° — {17‘3 sin 30" = 0.2745 m and
sw = 0.375 cos 30° — 0.375 cos 60° = (0.1373 m.

Principle of Work and Energy: The mass moment of inertia of the cylinder about

; 1 y
point A is I, = li?mr + md® = —(10)(0.75%) + 10(0.375%) = 1.875 kg m’.

Applying Eq.18-13, we have

T| + ZU]_Q = Tg

1

Ly >
0+ Wsy + MO = S ksp = 3140’
; 1 a1 )
0 + 10(9.81)(0.1373) + 15(% - %) ~ 5(40)(0.2745%) = 5(1.875) o’

= 4.60rad/s Ans.

k=40 N/m
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18-58.

The slender 6-kg bar AB is horizontal and at rest and the
spring is unstretched. Determine the stiffness & of the spring
so that the motion of the bar is momentarily stopped when
it has rotated clockwise 90” after being released.

SOLUTION

Kinetic Energy. The mass moment of inertia of the bar about A is
1 . , N
I, = -l—,,—(h)(?.‘) + 6(1°) = 8.00kg-m’. Then

g
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T = 21‘4 W = 5(8.0“) w = 400 @”

Since the bar is at rest initially and required to stop finally, 7, = 7, = 0.

Potential Energy. With reference to the datum set in Fig. a, the gravitational

potential energies of the bar when it is at positions (' and @ are
(V) = mgy, =0
(""u);‘

1l

mgy; = 6(9.81)(—1) = —58.86]
The stretch of the spring when the bar is at position 2 is

»n=V2+35-15=25311m

Thus, the initial and final elastic potential energy of the spring are

kx
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(lir)l = =

0 | =

(V. = %k(2.531 12) = 3.2033k

Conservation of Energy.
hi+th=hLh+V
0+ (0+0)=0+ (—58.86) + 3.2033k
k = 183748 N/m = 184 N/m
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