Topic 2 - AC Power Calculation
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Instantaneous and Average Power

« The instantaneously power, p(t)
p(t) = v()i(t)=V_I_cos(wt+6,)cos(wt+6,)

:%lemcos (6, _ei)+%vmlm cos 2wt+0, +6)

Constant power Sinusoidal power at 2m

The instantaneous power p(t) is composed of a constant part (DC) and a time
dependent part having frequency 2o.
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/%Vn,/,,, cos(0,—0,)
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p(t) > 0: power is absorbed by the circuit; p(t) < 0: power is absorbed by the source.
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Instantaneous and Average Power

» The average power, P, is the average of the instantaneous power
over one period.

1 T 1
P=_ tydt=—-V_1_cos(6, -6
T Jo p@dt= SV, 1, cos(6,-6)

. Pis not time dependent.
2. When 0,=0,, it is a purely
resistive load case.
____________________________________________ 3. When 0,— 0, =+900, itis a
T/Wm’m c0sty %) purely reactive load case.
J 1 4. P =0 means that the circuit
absorbs no average power.
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Instantaneous Power

p(t) =v(@)i(t)=3V, I cos(@, —8)+sV I cos2at +6, +6)

v(t)=120v2 cos(377t+60°)  i(t) =242 cos(3771+30°)



Instantaneous Power

D) =1V, 1, C05(0, ~8) + 1V, 1, Cos(2et +6, +6) = p,(0)+ P, 1)
L p;(t) + p,(t)

2494 [

oy =60°
¢] - 300
=900 1
pl(t) =§lem COS(‘PV _¢I)
I,= 2442 1
P2 ()= _lem COS(ZCOI‘+¢)V +¢I)
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Inductive Circuit and Reactive Power
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Capacitive Circuit and Reactive Power
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Instantaneous and Average Power

Example:

Calculate the instantaneous power and average power
absorbed by a passive linear network if:

v(t) = 80cos (10t +20°)
1(t) = 15sin (10t + 60°)

Answer: 385.7+600cos(20t —10°)W, 387.5W



Average Power

» The average power P is the average of the instantaneous power over

one period .
p(t)=v()i(t) Instantaneous Power

1 e7
P= ?JO p(t)dt Average Power

v(t)=V_cos(wt+6,) i(t)=1_cos(wt+86)

_l T _]_ T, 1 T
P= ?jo p(t)dt = ?J‘O sVl cos(d, — 6 )dt +?J‘O iV _1_cos(2mt + 6, +6)dt
P=2V I 6’6?1Tdt 1VI1T 20t + 0 +6,)dt
=7Vl cos(6, - i)?jo +3 mm?JOCOS(w+ ' +6)

sV, 1, cos(6,-6,)+0 (Integral of a Sinusoidal=0)
P=2V_I_cos(6,-6)

5 :%Re[VI*] :%lem cos(é, —6.)




Average Power

Example:

Acurrent | =10 ~30° flows through an impedance.

Find the average power delivered to the impedance.
Z=20/—-22°Q

Answer: 927.2W



Average Power

Example: Find the average power absorbed by resistor and inductor. Find the
average power supplied by the source

JQ

M
8£45° V C’_D @ g i1Q

8.45°
3+

B

=233.226.57°

Fortheremistor, I, =1=253.22657 WV, =31=759.22657
P. = _l_\r I =
. S 2 m m ~

For the inductor, I, =2.53.226.57°, V, = )1, =2.53.4(26.57°+90°) = 2.53/116.57°

(2.53)(7.59) = 9.6 W

0D | e

1
R = ;(2.53)2 cos(90%) = 0 W
The average power supplied 1s
1
P= 5(8)(2.53) cos(45°-26.57°)= 9.6 W




Average Power

Example: Calculate the average power absorbed by each of the five
elements in the circuit given.

8O 40

— T

v () @ i m (Do

A0+ (8- )1, + (-2, =0
(4—pI, —jl, =20 (b

For mesh 1.

For mesh 2.
S20+ 4 =201, + (231, =0

[

)

In matrix form.

e -qhﬂ 20




Average Power

L=
|
[

Fid. A =10+ j20 A, =10+ j60

A = & A, " o
| = ——=53253.14" and I, =—==13.6Z17.11°
A A

For the 40-V voltage source.
V, = 40207 I, = 5253.14°

-1
P = T{-‘-H]HS]ICU:%(—EE. 147y = - 60 W

For the j20-V voltage source,
V, = 20.290° 1, =13.6Z17.11°
Po= %{EE]}{I 3.6)cos(90°—17.117) = -40 W
FFor the resistor,
[=|1]=5  v=g|1,]|=40
I
P = E{;H}}f:?] = 100 W

The average power absorbed by the inductor and capacitor is zero watls.



Effective or RMS Value

@

R

a) AC circuit

I eff
_

§R

b) DC circuit

The total power dissipated by R is given by:

1

T

R

-

T h
T

Ieff = \/ % jolzdt = Irms

The rms wvalue is a constant itself
depending on the shape of the function i(t).

i‘dt=12 R

rms

P jT i2Rdlt =

0

Hence, I ¢ Is equal to:

which

» The EFFECTIVE Value or the Root Mean Square (RMS) value of a periodic

current is the DC value that delivers the same average power to a resistor as the

periodic current.



Effective or RMS Value

(1)

MW

v(t) i)

a) AC circuit

—_—

vcff —_ § R

b) DC circuit

R 17,2 2 | 2 .71
IRms = _J. Im cos” wtdt = LJ‘ —(1+ COS 2a)t)dt =M
T J0 T Jo2 \/E

The rms value of a sinusoid i(t) = I .cos(at) is
given by:

The average power can be written in terms of the
rms values:

P= %Vm I ;m €0S (8, —0;) =V |1 COS(0, —6;)

» The average power for resistive loads using the (RMS) value is:

2 R = VRms2

I:)R = IRms R




RMS Value

» Example: Find the RMS value of the current waveform. Calculate the
average power if the current is applied to a 9 Q resistor.

i(1) A

At 8-4t 1 _,
. 4t O<t<l / //
1(t) = 4

8—-4t 1<t<?2

0
o Lot o 10 1o 2 2
2=z dt_a[ [} @2 de+ [ -4t dt}

3

2 _E L2 2 _ 2 2 o1 o U2 16
|rms_2“0t dt+L (4—4t+t )dt} e =8| <+ 4t-20 42 2|=2

3
/16
Irms = ? = 2.309A P= Ir2msR = (%)(9) = 48W



RMS Value

Example: Find the RMS value of the full-wave rectified sine wave.
Calculate the average power dissipated in a 6 Q resistor.

() A
8 -
»
0 ™ 27 3w t

T=n,v(t)=8sn(t), O<t<n

V2o o= %J;T vidt = %f{ @sin(t)? dt V2, = %fo%l 1 - cos(2t)] dt = 32




Apparent Power and Power Factor

Apparent Power, S, is the product of the r.m.s. values of voltage and
current.

It is measured in volt-amperes or VA to distinguish it from the average
or real power which is measured in watts.

P =V |1 COS (0, —0;) = Scos (0, —6;)

/ N )
Y

Apparent Power, S Power Factor, pf

Power factor is the cosine of the phase difference between the voltage
and current. It is also the cosine of the angle of the load impedance.




Apparent Power and Power Factor

Purely resistive ev_ ei =0, Pf=1| P/S=1,all power are
load (R) consumed
Purely reactive ev_ ei = 4+90°, P =0, no real power
load (L or C) pf = 0 consumption
Resistive and ev_ ei >0  Lagging - inductive
reactive load 0-0.<0 load
(R and L/C) v - Leading - capacitive
load

P=2V_I_cos(@, —-6)=

Vol COS(6, —6)

Rms " Rms

pf =g= cos@, —6)

S==V_1_=V. I
2

1

Rms " Rms




Power Factor

Example: Calculate the power factor seen by the source and the

average power supplied by the source
10 Q 8Q

AAAA
— \ AN\ —
LA A | YVYY

40,/0° V rms Cj) 2 j4Q 6 Q

The total impedance as seen by the source is
(148 - J6)
8—)2

Z=10+4|(8-36)=10+ Z =12.69£20.62°

The power factor is
pf = c0s(20.62°) = 0.936 (lagging)

Vi d020°

™ Z 0 12.69£20.62°
The average power supplied by the source 1s equal to the power absorbed by the load.

P=1% R =(3.152)*(11.88) =118 W

or P=V,1..pf =(40)3.152)X0.936)=118 W

=3.152./£-20.62°

rms




Complex Power

» The COMPLEX Power S contains all the information pertaining to the
power absorbed by a given load.

»Complex power S is the product of the voltage and the complex conjugate
of the current:

—>

0 V=V_/0, 1=1_,0,

[.oad

o ZVI'=Vv_ | __/0,-6

@)




Complex Power

— 1

S==VI'=V.__1__/0,-0,

ms -~ rme

- 2
Load
L’_ —=S=V,; l,s €05 (0, —0,)+j V. | Sin (6, —6,)

o J o J

e e
S= P+ Q

P: Is the average power in watts delivered to a load and it is
the only useful power.

Q: is the reactive power exchange between the source and
the reactive part of the load. It is measured in VAR.
« Q =0 for resistive loads (unity pf).
» Q <0 for capacitive loads (leading pf).
« Q > 0 for inductive loads (lagging pf).




Complex Power

+ —=S=V,__|_cos(0,—-0,)+jV, . |__sin(, —0,)
L()Zld. \ / - -

v 7 e g

) ' S= P + ] Q

O

Apparent Power, S = |S| = Vrms*Irms = \/ P? + Q2
Real power, P=Re(S)=S cos(6, — 6;)
Reactive Power, Q =Im(S) = S sin(6, — ;)

Power factor, pf=P/S =cos(f, — 6

 Real Power is the actual power dissipated by the load.

e Reactive Power is a measure of the energy exchange between source and
reactive part of the load.




Complex Power

» The COMPLEX Power is represented by the POWER TRIANGLE similar to

IMPEDANCE TRIANGLE. Power triangle has four items: P, Q, S and 0.

|

—
C - -
+ :>S:Vrms Irms COS(ev_ei)+JVrrrs Irms Sin (ev_ei)
N - % - /
v g N N
S= P + Q
- Im A
O
A
S +Q (lagging pf)
S 0 VA X N6 =8 >
0,-0, P Re
e e
S I
p R —Q (leading pf)
y

Power Triangle

Impedance Triangle

Power Factor




Real and Reactive Powers

» The REAL Power is the only useful power delivered to the load.

»The REACTIVE Power represents the energy exchange between the source
and reactive part of the load. It is being transferred back and forth between

the load and the source

»The unit of Q is volt-ampere reactive (VAR)

S=P+ jQ=Re{S}+ jIm{S}
=Real Power+Reactive Power

S=1°, Z=1°, (R+jX)=P+ jQ

P VRms Rms COS(@ 0) Re{S} — I 2Rms
Q VRms Rms Sln(e 9) T Im{S}_ I 2Rms




Complex Power

Example: Two loads are connected in parallel. Load 1 has 2 kW, pf=0.75
leading and Load 2 has 4 kW, pf=0.95 lagging. Calculate the pf of two loads
and the complex power supplied by the source.
For load 1.
P, = 2000 pf =0.75=cosh, ——> 0, =-41.41°

¥
I |

P, =5cos0, —— §, = = 26066.67

cost,
Q, =5,sinb, =-176.83
S, =P +1Q, = 2000~ j1763.85 (leading)
For load 2,
P, =4000., pt=095=cos0, —— 0,=18.19°
I)

¥ -
— = 4210.53
cost,

£

Q, =8,sn0, =1314.4
S, =P, +10Q, =4000+ j1314.4  (lagging)

S, =

The total complex power is
S=8,+8, =6-j0.4495 kVA
¢ [ GOOO
11 = f—
" s| eoteas

= 0.9972 (leading)




Complex Power

Example: The 60 Q resistor absorbs 240 Watt of average power. Calculate V
and the complex power of each branch. What is the total complex power?

20 Q
W [ zu Q

2300 2 ;2{15: by =

Vv @) ) | (30-j10) v (60+j20) Q
i
— 100 2600
. P240
P=LR —— IE:EZWZ-l I,=2 {(rms)
)

V, =1,(60+j20)=120+ j40

30 ||[]

V=201+V_ =104+ j48) + (120 + j40)
V =224+ |88 = 240.67£21.45° (rms) V = 224+ 188 = 240.67£21.45° (rms)




Complex Power

[For the 20-€2 resistor.,
V=2001=204+ 48 =114.54 224 .8°
1=52+)2.4=5727224.8°

S=VI' =(114.54224.8°)(5.727£-24.8°)  S=656 VA

For the (30 — 110)-Q impedance.
Vo =120+ j40 =126.5£18.43°
I, =32+)24=4236.87"

S, =V I =(126.5218.43°)(4£-36.87°) S, = 506.2-18.44° = 480 — j160 VA

For the (60 +j20)-€2 impedance. 1, = 2.20°

S, =V_ I, =(126.5218.43°)(2£-0°) S, =253/18.43° = 240+ j80 VA
The overall complex power supplied by the source is
S, =VI' =(240.67£21.45°)(5.727 £ - 24.8%)
S, =13783£-3.35°=1376- j80 VA




Complex Power

Example: A 120-V,,, 60-Hz source supplies two loads connected in parallel, as
shown below.

(a) Find the power factor of the parallel combination.

(b) Calculate the value of the capacitance connected in parallel that will raise the
power factor to unity.

© | |
Load 1 Load 2
24 KW 40 kW
pf=0.8 pf=0.95
lagein lagoin
Solution: g% g ggl g
O
Chapter 11, Solution 74.
1 0 1(0.8)=36.87° S B 2 30 KVA
e = COS )= 23087 N = = =l kKVy
@) 1 = €05 7HU-0) ’ : cost), 0.8

Q, =S, sin6, = (30)(0.6) = ISKVAR S, =24+ jI8kVA

0, =cos(0.95)=18.19° S, =——=——=42. 105 kVA
- - cost, 095

Q, =S,sin0, =13.144 KVAR S, =40+ jI3.144 KVA




Complex Power

B2 Skva
cosO, 0.8

Q, =58,5m0, =(30)0.6) =18 kVAR §, =24+ jJI8KVA

0, =cos(0.8)=36.87° 8, =

P, 40
cosf, 0.95

Q, =S,sin0, = 13.144 KVAR S, =40+ jI3.144 kVA

0, = cos™(0.95)=18.19° K, = 42.105 kVA

S=S,+S, =64+ 31.144 KVA

| =25.95"  pt=cosb= 0.8992 (lagging)

Q. = P[tan0, — tan0, | = 64] tan(25.95%) — 0] = 31.144 KVAR

Q. 31144 S 74 mE
= =374 m
oVi o (2aN60)120)  e—

'S
I



Use of Power Triangles

20 kVA

16 kVAR

sy 55887
\ 63.13°
1

[
: —6 kVAR +
10 kVA
12 kW

S=P+)JQ=S +S,=(F+PR,)+ J(Q +Q,)

22.36 kVA
10 kVAR

| 26.565°

o |

20 kW




Conservation of AC Power

» The complex real, and reactive powers of the sources equal the
respective sums of the complex, real, and reactive powers of the
individual loads.

Rt i L D =

v @) z, Z; v @®

For parallel or series connection:

*

S=VI, +V,I, +---+ VI
S=S,+S, +--+S,




500/0

/,‘

p

|

N\

7

0

Exambple of Combplex Power Balance

n e s
l,on‘dl | ’ Load 2 ‘ l.o."‘ld.? \ VS C_D —T — —
L.oad 3

Load 1 Load 2 -
303 00 2 400Q 2 400Q

15.65Q [j165.8Q 1754082 =-i530.5Q 95712

7, = 1245.65 Z,-80-j1658 | Z, = 400+ 571
=13.26/25.21 Q =184.1/-642Q =697/-55 Q
Pf, = cos(25.21) Pf, = cos(-64.2) Pf, = cos(-55)
=0.9 lag =(.43 lead =0.57 lead




Example, cont’d

— |

-+

500/0 CD Load 1 Load 2 Load 3

I = il . 37.7£-2521°=34.11- j16.06
13.26.25.21°
L = 200£0 =272/642°=1.18+ j2.45
2 184.1£-64.2°
L= il 0.72£55°=0.41+ j0.59
697/ —55°

I=1,+L,+1,=357-j13.02= 38£-20°4
Combined Pf= cos(20) = 0.94 lag



Example, cont’d

— I

L

Load 2

[Load 3

500/0 <> Load 1

S, = VI; =500037.7.£25.21° = 18850£25.21° =17055+ j8029 VA

S, = VI, =50002.72£-64.2°=1360£ —64.2° =592~ j1224VA

gt |

S, = VI; =50000.72£-55°=360£~-55°=207- j295VA

S=§,+8,+8, =17854 - (6510 = 19000£—20° VA

Check: S=VI" =500038.—20°=19000/—-20° VA

Complex power is Conserved




Power Factor Correction

Power factor correction is the process of increasing the power factor
without altering the voltage or current to the original load.

—
O O
+ ‘ I, + ‘ I, * I
Vv I Inductive A% Inductive | : =
' S ! load load .
O i O .

(a) (b)

Power factor correction is necessary for economic reason.




Power Factor Correction

<Y

o
L ¥ L |k
| - Inductive Vv Inductivcs o~ C
i load load -
0
(a) (b)
&
Qc = Ql - QZ
% =P (tan 0, - tan 0,)
= 2
' =oCV rms
O,
o |\
2
vy =Ptan 0, OV
P=S,cos 0, Q,=Ptan,

_ P(tan6,-tan0,)

2
oV,




Power Factor Correction

» The process of increasing the power factor without altering the voltage or
current to the original load is called power factor correction.

P.=P,=P Real power stays same
P=Scosd Q =S5sing =Ptand, Q,=Ptand,

Qc :Ql _Qz — P(tan 6)1 —tan 62)

Q. P(tang —tand,)

2 2
a)vrms a)vrms

C =

» The capacitance value needed to change the pf angle from 6, to 6, .

« Similarly the inductance value needed to change the pf angle from 6, to 6,
for a capacitive load.

2
L — Vrms
@0Q,




Power Factor Correction

Example: Find the value of the capacitance needed to correct a load of 140 kVAR at
0.85 lagging pf to unity pf. The load is supplied by a 110 Volt (rms), 60 Hz line.

l}ll = (.85 =cos) ——» 0O=31.79

() 140

() =Ssinl —— S= = —=2065.8 kKVA
2= 58 5in0  sin(31.79°)
P=5Scos0=22593 kW
For pt =1=cos0, —— 0, =0°
Since P remains the same.
h ]
P=P =S, cos0, —> § =——=225093
cost,
Q, =S, sinb, =0
The difference between the new Q, and the old Q is Q..
r g 72 — I'-H]'KI'[JI
Q. =140 kVAR = CV_ (= — — = 30.69 mF
(270601 10)°




Power Measurement

The wattmeter is the instrument for measuring the average power. Two coils are used,
the high impedance Voltage coil and the low impedance Current coil.

|
M i i
i i + —_—

Current coil
& +
T o—WW—j &
+ I
- I | | H z,
* T~ Voltage coil é 5
o— T
A
A y
i Equivalent Circuit with load

O O
+

The basic structure
If v(t)=V,_ cos(at+86,)and i(t)=1_,cos(at+86)

Wattmeter measures the average power given by:

P = |V,o||lms| cOS (0, —6,) = 1V, 1, cos(6,—6,)

L



Power Measurement

Example: Find the wattmeter reading

The wattmeter measures the average power
from the source

4+

4Q

-j20

Let Z,=4-)2
(12)(j9)
12+ 19

120/30° V rms Cj-_) »

Z,=12||{9= ~ 432+ j5.76

+

jIQ =

Z=27 +Z,=832+j3.76=9.13,24.32°

|V a2op
S 903298320

S=VI =1577.2224.32° kVA

P=|$|cos6=1437.2 kW




Maximum Average Power Transfer

Linear
circuit

a) Circuit with a load

Z Th

/

—_—

==

" @

0]

Y
J

Loy = Ry + 1 X4,

ZL: RL+ jXL

The maximum average power can be
transferred to the load if

Z;

b) Thevenin Equivalent circuit

If the load is purely real, then R, = R, + X2, = |Zp]

Z, =Ry - Xy =271y



Maximum Average Power Transfer

* Write the expression for average power associated with Z: P(Z)).
Z =R+ XL

Set % — (): Solve for Ry,

5[ it ﬁ — () “'u }]'ﬂ'- tor J‘:L

I"_-}..-'YL
I — ‘*ﬁrth
21 + Z1h
— Im—;H:’
o |V,
" L[' Rp, + Ry :'2 + (X1 + X7, :'2]
b DR Vil Ry /2
2 (Rp+ Rpp)?+ (X + Xpp)?
P P
X . L Th ”RL L UTh




Maximum Average Power Transfer

Example:
For the circuit shown below, find the load impedance Z, that absorbs
the maximum average power. Calculate that maximum average power.

| |

"y

8Q 2 @24 =50 Zs

| |

—j4 Q j10Q

ANnswer:
Z, =3.415-)0.7317 Q
P . =1429W

max



Maximum Average Power Transfer

SOIULION:  ye firgt obtain the Thevenin equivalent circuit across £, . Lo 13

obtained from the circuit in Fig. (a).

4Q  jlQ
Zl]l
80 § 50 —
#
(a)

(5)8+ 16)

13+ 16

L, =5[ 8=+ ]l0)=

= 34154 50.7317



Maximum Average Power Transfer

V5, 1s obtained from the circuit in Fig. (b).

—j4 © jloQ
Fal
1< (D I .
+
F 3
w0E (D) seE v
L ]
(b)
By current division.
8 j4
(= ' 2
8 4+ jl0rs
1O)8 — j4
Vv, =51=—22 P g55..51.34°

13+ j6

Z, =7, = 3.415-j0.7317Q

) B | Vi |_ B (6.25)°
max o 8R, (8)(3.415)

= 1.429 W




Maximum Average Power for Resistive Load

» When the load is PURELY RESISTIVE, the condition for maximum power transfer is:

RL - \/RTh2 + XTh2 - ‘ZTh‘
»Now the maximum power can not be obtained from the P

nax formula given before.

» Example: Calculate the resistive load needed for maximum power transfer and
the maximum average power.

80 Q 1609
120/60° v @ Q3 ==-30Q 3R
Solution: We first find Z4, and Vy, across R .
, (OO =130y
et L, =80+i60 and Z, =90/ (-j30)= : =9(1-j3)

90— 30

(80 + 16019~ 127) o
L. =1L ||L, = . —— = |7.181— 124.57 Q2
Th 12, 80+ 60 + 9~ 27 .




Maximum Average Power for Resistive Load

| Z, (91— j3) .
Vi = ———=—(120£60°) = (120.260°)

Z, 7, 891 i33
V., =35.982-31.91°

R, =|Z, |=30Q

The current through the load is
Vi 353.982-31.91°
L., +R, 47181 j24.57

I = = 0.6764.2-4.4"

The maximum average power absorbed by R is

max

1y 2 1 . .
P = 2| 1R, = $(0.6764)(30) = 6.863 W

» Notice the way that the maximum power is calculated using the Thevenin
Equivalent circuit.
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