Topic 9: 3-Phase Circuit Analysis

3-Phase Transmission Lins
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Three phase Circuits

» An AC generator designed to develop a single sinusoidal voltage for each rotation of the

>

shaft (rotor) is referred to as a single-phase AC generator.

If the number of coils on the rotor is increased in a specified manner, the result is a
Polyphase AC generator, which develops more than one AC phase voltage per rotation of
the rotor

In general, three-phase systems are preferred over single-phase systems for the
transmission of power for many reasons.

1. Thinner conductors can be used to transmit the same kVA at the same voltage,
which reduces the amount of copper required (typically about 25% less).

2. The lighter lines are easier to install, and the supporting structures can be less
massive and farther apart.

3. Three-phase equipment and motors have preferred running and starting
characteristics compared to single-phase systems because of a more even

flow of power to the transducer than can be delivered with a single-phase supply.

4. In general, most larger motors are three phase because they are essentially self-
starting and do not require a special design or additional starting circuitry.



Single-Phase, Two-Phase, Three phase Circuits
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a) Single phase systems two-wire type _ _
b) Single phase systems three-wire type.

g é Allows connection to both 120 V and 240 V.
0@ - k2
o o Two-phase three-wire system.
v, /290° ‘ ) . Z,, The AC sources operate at different phases.



Three-phase Generator

» The three-phase generator has three induction coils placed

120° apart on the stator.
» The three coils have an equal number of turns, the voltage
Induced across each coil will have the same peak value, shape

and frequency.
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Balanced Three-phase Voltages
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Balanced Three phase Voltages
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a) Wye Connected Source
V,, =V, £0° Ven v
V,, =V, £ -120° \
*\120"
V. =V _/-240°
aP 120°< >
Van

-120°

Ve

a) abc or positive sequence
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b) Delta Connected Source
Vin V,, =V, £0°

V'
\ Vyy =V, £ +120°
ul V,, =V, £+ 240°

120° < W -
A/
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b) acb or negative sequence



Balanced Three phase Loads

» A Balanced load has equal impedances on all the phases

a) Wye-connected load b) Delta-connected load

Balanced Impedance Conversion:
Conversion of Delta circuit to Wye or Wye to Delta.

L, =L, =L,=1,

= b=h =4 z2,=32, 7,=:2,




Three phase Connections Y-Y Connection

» Both the three phase source and the three phase load can be

connected Wye Wye.

> Y-Y connection
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Three phase Connections Y-Y Connection

» Example: Calculate the line currents in the three -wire Y-Y

system shown below. ' 5-j29 y
() 1100° v
110/0° T 4
I, = = 6.81/-21.8° A |

16.155/21.8° 7\ 10 +j8 Q2

noz2100v () () noz120°V |

| / \p 3-i292 g 10+j8Q
I, =1,/—120° = 6.81/—141.8° A 5 — 1.
— e

I, =1,/-240" = 6.81/-261.8° A = 6.81/98.2° A 5-i2Q 10+/8Q



Three phase Connections Y-A Connection

» Both the three phase source and the three phase load can be
connected Wye Wye. Vs Voe 5 _ Ve

> Y-A connection
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Three phase Connections Y-A Connection

» Example: A balanced abc-sequence Y-connected source
with V,, = 100210~ V is connected to a A-connected balanced
load (8 + j4) Q per phase. Calculate the phase and line currents.

The load impedance is  Za = 8 + j4 = 8.944/26.57° ()
If the phase voltage V,, = 1004100, then the line voltage Is

Nir = Vi \/3{3(')" = 100V3 / 10° + 30° = Vup Vg = 173.2/40°V

The phase currents are The line currents are
g 173.2 /40° I, = LipV3/-30° = V3(19.36)/13.43° — 30°
Lip = o = ,A—_—_ = 19.36/13.43° A - e L =
Zy  8.944/26.57° = 33.53/-16.57° A
Ipc = Lug/—120° = 19.36/—106.57° A =i TL =y T
Iea = Lus/+120° = 19.36/133.43° A N b aap O A
Alternatively, usin V., 100 /10° )
4 A = 33.54/-16.57° A

single-phase analysis, *  Z./3  2.981/26.57°



THREE PHASE CIRCUITS

n V., = 120 [=240°
C_) V rms

L * 1

Balanced Phase Currents
I,(t)=1,cos(owt—-0)

a A .
?':I.rm ﬂ-r]-’l Hf'"
C V. =120[0° V rms . ’-V‘.-\‘ -

+
b N

N =120/2 / v

m v, = 120 [=120° m < ~_~_
(+> V rms > c

Instantaneous Phase Voltages
Vo (1) =V, COS(@)(V)

Vp, (1) =V, cos(wt —120°)(V )
V(1) =V, cos(wt —240°)(V)

i, (t) =1, cos(wt—6-120°) Instantaneous power
i (t)=1,cos(wt -0 —240°) P(t) = Van (1), (1) + vy ()i (1) + Ve, (Vi (1)
Theorem

For a balanced three phase circuit the instantaneous power is constant

p(t) = 3Vm2|m cosd W



Proof of Theorem
For a balanced three phase circuit the instantaneous power is constant

V| c0s(120) =-0.5
p(t) =3%0039(W) Lemma

cos¢ + cos(¢ —120) + cos(p +120) =0
Proof
_ COS¢ =C0S¢
cos(¢ —120) = cos¢@cos(120) + sin ¢sin(120)
cos(¢ +120) = cos¢@cos(120) —sin ¢sin(120)

Instantaneous power

P(t) = Van (1)15 (1) + Vi (1)1 (€) + Ver (1)1 (F)

[ coswtcos(wt —0)

p(t) =V, 1| +cos(wt—-120)cos(wt—-120-8)

| +c0os(wt —240)cos(wt —240-0) |

cos¢ + cos(¢ —120) + cos(¢p +120) =0

COS COS f3 = % cos(a — B) +cos(a + )]

[ 3c0s8 +cos(2wt—0) |
p(t) =V 1| +cos(2wt—240 —-0)

| +C0S(2wt — 480 - 0) |
p=wt-06

cos(¢ — 240) = cos(¢ +120)
cos(¢ —480) = cos(¢ —120)




SOURCE/LOAD CONNECTIONS

BALANCED Y-Y CONNECTION Line voltages
V..
@ f_.].'."_z.r Van =|Vp | £0°
v, Vab zbn il://p |j1_2](£0 Vab =Van —Von
N o - cn_—_| p | IV, | £0°= |V, | £ ~120°
ca N Positive sequence -V, | (1~ (cos120 - jsin120))
v V,, . phasewyoltages

e 1 o T Tk s A
£

=1, | £6%1, =1, | £0-120°1_ <1, | £6+120°

1 .3
V| -V [|==iX2
IIpIpI(ZJZJ

= V3|V, | £30°

Vie =3[V, | £-90°
Ve, =3[V, | £-210°
V| =+/3|V, | =Line Voltage

I, +1,+1,=1 =0 Forthisbalanced circuit it is enough to analyze one phase



Example: For an abc sequence, balanced Y-Y three phase circuit V_, =208/ —30°
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V,, =120/ —60°
V,, =120/ -180°
V,, =120/60°

Determine the phase voltages.

V.
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‘[“rh”
Voo =V, | £0°
Vi =V, | £-120°

The phasor diagram could be rotated by any angle
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Positive sequence a-b-c

Vi Vo =~/3 |V, | £30°
V,, lagsV, by 30°

Vg =V, | £120°

Positive sequence
phase voltages

V,, =208/ —30°
N |Vap | o ano
¥, Van :%4(—30 —~30°)

Relationship between phase and line voltages



Example: For an abc sequence, balanced Y - Y three phase circuit
source |Vphase |: 120(\/)rms1 ZIine =1+ le’ thase =20+ leQ

Determine line currents and load voltages.

1€} -
ot S —0 4 V.. 120.£0°

lan = A 5
21+ j11 23.71/27.65
=5.06£-27.65°(A)rms

Because circuit is balanced data on
any one phase are sufficient

vam <+> \r i
120.20° T

Chosen
as reference

Ef”?’ € |5 =5.06--120-27.65°(A)rms
| . =5.06120—27.65°(A)rms

N

no O

N
V,, =120/0° Van = laa x (20 + j10) = 1, x 22.36 £26.57
V,, =120 £ -120° Van =113.152-1.08°(V )rms
Van =120.£120° Vgy =113.15/-121.08°(V )rms

Abc sequence Ve =113.15.2118.92°(V )rms



Example: For an abc sequence, balanced Y - Y three phase circuit

V,, =120 £90°(V )rms. Find the line voltages

V,, leads V,, by 30°

V,, =~/3x1202120°(V)rms

= J3x120.20°(V )rms A
v3x V) | V=3IV, | £30°

= /3x120.£240°(V )rms ,
“ V,, lagsV,, by 30°

\

a

, =208 £0°(V)rms. Find the phase voltages Relationship between

phase and line voltages

V,, lags V,, by 30°

208
V,, = Z—=150°(V)rms

van_¥4 30°(Vyrms " 3

3 v _ 208

=—— /90° rms
on =3 \'D)



Example: For an abc sequence, balanced Y - Y three phase circuit
load, |V jase [F104.02.226.6°(V ) s+ Ziine =1+ J1Q, Z =8+ J3Q2

phase

Determine source phase voltages
2o du 1 0 10 p
O —M—uan—0 . .
Currents are not reqmred. Use inverse

/ ESQ voltage divider
V. - B8+ )3)+ 1+ jl)V

an

Vem <+> \;.1_‘-. :104021_2660(\/)rms 8+ j3
9+ j4 8-)3 84+ j5
X =
8+j3 8-j3 73
V,, =120.£30°
V,, =120/ —90°
V, =120/150°

AN

=1.15/3.41°

no

Positive sequence a-b-c




DELTA-CONNECTED LOAD

v, 2,2, 126,
NI
i U 1 F+I - E.j,
o 0, =30°-0,
v. Vi Ly
e
- + - =
_/
Method 1: Solve directly
Van =|Vp | ZOO Vab _ \/§ |Vp |4300
Voo AV, 14120y |2 oo
Vcn =|Vp | 4120 Vca :\/§ |Vp |Z—2100
Positive sequence
phase voltages [ Vine I=~/31 1, |
eline =0, —30°

Line-phase current
relationship

Load phase currents

V
|AB:$:“A|4QA
vV . Line currents
|BCZZLC=||A|49A_1ZOO la=1a5—lca
A
IbBZIBC_IAB
Z, ICCZICA_IBC

Method 2: We can also convert the delta
connected load into a'Y connected one.
The same formulas derived for resistive
circuits are applicable to impedances

Z
Balanced case Z, :?A
V |1 |:|VAB|/\/§
=g Al 2002172, 173
! L QL:_QZ




REVIEW OF

AeY Ry =R, || (Ry +Ry) A-Y
Transformations ) > ’
Ry,=R,+R,
: Y‘A éRa /
Rc Rb
b ¢ b
R, = RaRo + RoR: + RR,
Rb
R, = RaRo * RiR. +RR,
_ R3R1 R3= RaRb_i'RbF\)c"'RcRa
A->Y Y —A

Ry



'L i'ri aorA
{ I;/8
V, /b
V, =V3V, [b+30° = n IV, |=+/3 IV ohase |
N 0, = ‘9phase +30°
bor B corC A2 Line - phase voltage
(b) relationship
(a)
L =1 /0 | ine |_*@| N Line-phase current
[ =1L

aor A B)ine =6, —30°  relationship

Example:
I, =12240°.

Find the phase currents

(b) l.n =6.932190°

V, =V, jb+30°

cor(C




Example: Delta-connected load consists of 10-Ohm resistance in series with 20-mH

inductance. Source is Y-connected, abc sequence, 120-V rms, 60Hz. Determine all line and
phase currents

V..
/‘;\ a 1,4
~—/ to Lig : V,, =120 £30°(V )rms
Y N Zy - Zinductance =27rx60x0.020 =7.54Q)

b I-').‘ .
n F@_F_._*. B0z  z,=10+(754Q0=1252/37.02° =7, =4.17./37.02°
T v e

__ AB _Vag =120@460 =16.60.£22.98°( A)rms
V., Vi Z, 10+j7.54
9 MIRAT

e . lgc =16.60£—-97.02°(A)rms
| oA =16.602142.98°(A)rms

|VA = \/é |Vphase |

Or = O phase +30° |, =28.75£-7.02°(A)rms

“rl‘e f phahsje voltage s = 28.75/ ~127.02°( A)rms

relationship | = 28.75./112.98°(A)rms

| IIine |:\/§| IA |

Bjine = 05 —30° Alternatively, determine first the line currents

Line-phase current and then the delta currents
relationship



POWER RELATIONSHIPS

=0 aorA N \/§|Vphase | Viine
~ 1,16 _
o { . O =0 ppase +30°
" Line - phase voltage
Vi=V3V, [6+30° = 4 relationship
0 .
IIine
bor B corc STotaI = 3><Vphase x| phase
* Impedance angle
S’Total = \/gvlinelline 9 <
(a) Power factor angle
I =1,08 zor A | Hiine [F \/§| N
\i X Oline =0, —30° Potal = V3Miine Il iine | €088
o= 4 30° - .
Vv V,=/d+30 Lme?phasg current Qiotal = /3 Miine Il Liine | SIN 05
— VAURTE: relationship
- V3 M : _ *
¥ cor S =3V,,..xI
hor B L] total line A

*

STotal = Igvline I line




EXAMPLE: Determine the magnitude of the line currents and the value of
load impedance per phase in the delta

. aorA |Vjine |= 208(V )rms
| \+/ ' Pyotar = 1200W
line : power factor angle = 20° lagging
S or B corC
| IIine |:\/§| |A|
0. =0, —30°
Pootal = v/3Miine Il iine | €065 ¥ fine h A
_ ine-phase current
Qtotal = ﬁwline ” IIine |Sm gf relationship
I:)total _ |Vline ” IIine |
3 3 COSOr . |=3.54(A)rms
|Vline|

|1, [=2.05(A)rms —1ZalF 0 =101.46Q

A



Example: For an abc sequence, balanced Y - Y three phase circuit
source |V jpaee [F1200V ) sy Zjine =1+ J1Q, Z a6 =20+ J10Q
Determine real and reactive power per phase at the load and total real, reactive and

complex power at the source

I, 10 10 | Van = laa x(20+ j10) = 1, x 22.36 £26.57°

V,n =113.152-1.08°(V)rms
/ gz{m S phase =Van lan =113.15.2-1.08°x5.06.£27.65°
v S phase =572.54226.57° =512+ j256.09(VA)rms
120./0° \ E””ﬂ Seource phase = Van X 1aa =120.£0°x5.06.£27.65°
Reference Ssource phase — 607.2.27.65°
" ON =537.86 + j281.78VA
V,, =120 £0°
V,, =120/ -120° Because circuit is balanced Protal source =3%537.86(W)
V, =120 /120° data on any one phase are Qtotal source = 3% 281.78(VA)
sufficient S _
AbC sequence total source — I total source T Qtotal source
: —1613.6 + j845.2(VA)
V,, 120.£0°
| Stotal source [=1821.6(VA)

IaA = - = o
21+ j11 23.71/27.65
=5.06/—-27.65°(A)rms



Example: Determine the line currents and the combined power factor

aor A

Circuit is balanced
Load 1:24kW at pf = 0.6 lagging
Load 2:10kW at pf =1

corc  Load3:12kVA at pf =0.8 leading
[mA inductive

S=P+jQ

P = S|cosd; /S/LQ
P, = 24kwW | }:>| S, |= 40KVA Q= S|sin6; 3
pf =0.6lagging of —cos6, [{c.'
|QuI= IS, P —| PP =32kvA S =51+ 5, + 54 -0
lagging = inductive .. S; =24 + j32kVA capacitive
Load i ) Sioral=S,+ S, + S, =43.6+ j24.8KVA = 50.160 £29.63°KVA
P, =10kW _
pf =1 }: 5o =10+ JOKVA Py = ﬁlv“”‘* [ 1iine [ COSOs — | Stotal |5 V3 [Viine [X] Nine |
Load 3 Quotal =v3Niine [l Liine |5in 65 0y =29.63°
| S, |=12kVA P, = 9.6kW pf =0.869 lagging
pf =0.8 |Q, |= 7.2kVA | 11 [2139.23(A)rms

leading pf = capacitive .. S; =9.6 — j7.2kVA Continued ...



If the line impedances are Z,;,, =0.05+ j0.02Q

EXAMPLE

continued .... determine line voltages and power factor at the source

. aor A
| 1ine [F139.23(A)rms
y SIine:3><(Zlinelline)ll*ine:"?’leine' Ljine |2
— cor C
53,264

Sioadior = 43.6+ j24.8KVA = 50.160./29.63°KVA Vine = 73, 130.13 ~ 22087(V)rms

Seource total = 46.508 + j25.963 = 53.264 £ 29.17°kVA
pf =coséd; =c0s(29.17°) =0.873lagging
| Stotal |:\E|Vline 1] Djine |
0, =29.17°



Example: AY -Y balanced three-phase circuit has a |

ine voltage of 208-Vrms. The total real

power absorbed by the load is 12kW at pf=0.8 lagging. Determine the per-phase impedance

of the load
I, =1,/0
- aorA
o
Vi=V3V, [d+30° - H
“borB e or C
208 (a)
jlvphase |: ﬁ = 120(\/ ) rms
Vphase ) |Vphase |2
Stotal = thase X . _3x i
phase ohase

pf =0.8=cos@; = 0; =36.87°
P

total

| Stotal |: pf =15kVA

|VA |: \/é |Vphase |

HA = ephase + 300
Line - phase voltage
relationship
STotal = 3><Vphase X It)hase
S=P+jQ
P =[S |cosé;
Q= S|sing;
pf =cosd;
3x [V 2
Z prasl= 2L 2880
| total
Z panse = 2.88236.87°Q2



Example: A 480-V rms line feeds two balanced 3-phase loads. The loads are rated
Load 1: 5kVA at 0.8 pf lagging Load 2: 10kVA at 0.9 pf lagging.

Determine the magnitude of the line current from the 408-V rms source

|Sl|=5kVA=%:>P1=4kW S—P+j0
' P =| S|cosé&;
=/ S, I —P? =3.0kVA
QL \/l_ll _ Q= S|sina,
pf lagging = S; =4+ J3kVA of = coso,
| 82 |= 10kVA = ()—Pg — P =9kW Stotal = Sl_" S2

I:)total = \/?Tlvline ” IIine | COSQf
Qtotal — ﬁNIine ” IIine |Sin 91:
| Stotal |:\/§|V|ine || I|ine|

Q, =+/|S, ? —P2 = 4.36kVA
S, =9+ j4.36KVA
S, . =13+ j7.36KVA

| l.. |: | Sto'[al | _ 14,939
ned ™ 3|V, | 706.68

total

=21.14(A)rms



POWER FACTOR CORRECTION

Balanced Similar to single phase case.
“ﬁlﬂ:‘ﬁe b S ' Balanced Use capacitors to increase the
source | load power factor
> — Low pf Keep clear about
| lagging | total/phase power,
Cm ¢ C/p line/phase voltages
Neutral
AQ =Qpe —Q — 2
Sold —>Q e ol QC‘nhase - (DCVnh
of old Reactive Power to be added
o
P, S=P+])Q pf =cosé; =sin@; =+/1— pf°
P e Qnew P =| S |cosé;
p new

Q-S|sing,  tang, =P Q=Ptand,

ot

lagging = Q >0

Qper capacitor — — Cv*
The voltage depends on how
the capacitors are connected

pf =cosé;



EXAMPLE:

- , _— =60 Hz, V,;,.=34.5 kV, .
1 IﬁgLangﬂe b N I VN Required pf=0.94 lagging.
source 0.78 power
C S _ factor lagging
Cm _[ ( j_
Neutral T T
P, =18.72MW
_ o _ } = Qpeyy = —9.067 MVA
S=P+]jQ pf,., =0.90 lagging
(F; =: 2 :C_Osgf Q= Ptang, AQ =9.067 —15.02 = -5.953MVA
= S|sin
£~ cosd ' tan@, — pf Qper capacitor — —1.984MVA
o =cost ot 345

lagging = Q4 >0
pf =cos@; =sin@; =./1— pf* =0.626

|Q,14 |=15.02MVA

Y —connection :>Vcapacitor — f KV rms
= 2
Qthase - (“OCVvh 2
3
_1984X106 = —272- x 60x C x 345)(10
V3

C =13.26uF
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